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ccmm TO USERS 



In tfje upper nctjt-hand corner of each Hastery Test you will find the "pass" 
and "recycle" teres and a row of nuiiibers "12 3 to facilitate the 

grading of the tests. We intend that you indicate the weakness of a student 
irfio is asked to recycle on the test by putting a circle around the nisnber of 
the learning objective that the student did not satisfy. This procedui^ will 
enable you easily to identify the learning objectives that are causing your 
students difficulty. 



ERRATA 

Traveling Waves: p, 10, K(4), line 5, "...0,00300 m in amplitude." P. 11. line 3 
in F(l)(fc) "...4) (2..." The Practice Test Ansvfers on p. 13 are: 

1- (a) y^ = A sin (kx - tat). ... y^- ^ sin(kx + £i)t)...A = 0.00100 m, k = 5.24 m"\ 

and m = 157 s"\ . . .(b) v = m/k '/fJv* T = = (157)^(2 x 10"^)/(5.24)^ - K80 ». 

2. (b)..-.+x direction (c) ...by 



We shall correct these and any other errors brought to our attention when the 
C8P Modules are reprinted. We would be happy to receive your suggestions or 
any corrections that you discover necessary in using the modules. 
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COMHENT TO USERS 



It is conventional practice to provide several reviev oodules per seinester or 
quarter^ confidence builders » learning opportunities^ and to consolidate what 
has been learned* You the instructor should write these oodules yourself^ in terns 
of the particular weaknesses and needs of yout students. Thus* we have not supplied 
review rsodules as such with the CBP Modules* However* fifteen saisple reviev tests 
were written during the {Workshop and are available for your use as guides* Please 
send $1*00 to CBP Modules* Behlen Lab of Physics* University of Nebraska * Lincoln* 
Nebraska 68588. 



FIHIS 

This printing has cosi^leted the initial CBP project* Ke hope that you are finding 
the xnaterials helpful in your teaching* Revision of the ctodules is being planned 
for the Sunin:er of 1976* We therefore solicit your coscsents* suggestions* and/or 
corrections for the revised edition* Please write or call 



CBP WOEKSHOP 

Behlen Laboratory of Physics 
University of Nebraska 
Lincoln* I7E 68588 



Phone (402) 472-2790 
(402) 472-2742 



Module 

STUDY GUIDE 



GRAVITATIOrJ 



INTRODUCTIOH 

the menders of the solar system - the Sun» the Moon» and the planets - have 
held a strong fascination for mankind since prehistoric times. The luotions of 
these heavenly bodies were thought to have important specific influences on 
persons' lives - a belief that is reflected even today in horoscopes and 
astrological publications. A revolution In man's thinking that occurred about 
four hundred ^ars ago established the concept of a solar system with planets 
orbiting about the Sun and moons orbiting about some of the planets. Copernicus^ 
Kepler» Galileo^ and flewton were the four scientific leaders chiefly responsible 
for establishing this new viewpoint. One of its w&ry practical aspects, yet 
difficult for us earth-bound creatures to grasp, is that the force of gravity 
gradually diminishes as one recedes from the Earth, in a way beautifully 
stated by Newton in his universal law of gravitation. 

Gravity is a universal force; It acts on every material thing from the smallest 
nuclear particle to the largest galaxy. It even acts on objects that have zero 
rest mass, such as photons - the fantastically minute "chunks" in which light 
comes. One of the most exciting areas of astronomical research today is the 
"black hole," where the gravitational field may be so iimiense that not even 
light can escape! 

Hewton's law of gravitation is important not only in itself, but also because 
it serves as a model for the interaction of electric charges, which you will 
study later. Not only are the force lav/ and the potential-energy function 
nearly the same, but the concept of a field carries over and becomes even more 
useful in the calculation of forces between electrically charged particles. 



PREREQUISITES 



Before you begin this module, 
you should be able to: 



location of 
Prerequisite Content 



*Relate the resultant force acting on a particle to 
the particle's mass and acceleration (needed for 
Objectives 1 and 2 of this module) 

^Relate the acceleration of a particle moving in a 
circular path to its speed and the radius of the 
path (needed for Objective 2 of this module) 

^se the principle of conservation of total mechanical 
energy to solve problems of particle motion (needed 
for Objective 3 of this module) 



Newton's Laws 
f'lodule 

Planar ftotion 
ffodule 

Conservation of 
Energy Module 
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LEARHIHG OBJECTIVES 

After you have mastered the content of this module* you ifill be able to: 

1. Law of gravitation - Use Newton's law of universal gravitation to (tetemine 
(aj the (vector) gravitational force exerted by one object on another - or 
the distance or a irass when the force is known; and (b) the gravitational 
field of an object. 

2. Circular orbits - Use the gravitational force law, together with the expres* 
sion for centripetal acceleration, to find the si^ed;, period* orbital radius, 
^nd/or masses of objects inoving in circular orbits as a result of gravita* 
tional forces. 

3. Energy conservation - Determine the potential energy of one object in the 
gravitational field of another; and use energy conservation to relate 
changes in this potential energy to changes in kinetic energy and si^ed 
of the first object* 
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TEXT: Frederick J. Bueche, Introduction to Physics for Scientists and Engineers 
(HcGraw-Hill, Hew York, 1975), second edition 



SUGECSTEO STUDY PROCEOtmE 

Read the General Cocments on the following pages of this study guide, along with 
Sections 10.8, 10.9, and 10.11 in Chapter 10 of Bueche. Recoamended : Read 
Oiapter 14, Sections 14-4 and 14-8 thru 14-10 of Halliday and Resnick (HR)* 
or Sections 13-5, 13-6, and 13-8 in Chapter 13 of Keidner and Sells (WS).* 
Optional : Read Sections 10.10, 10.12, and 10.13 of Bueche. 

If possible, you should read through a derivation of the result for lar^e, 

spherically synsrietric objects mentioned In General Coimient 2 below; and you 

may wish further discussion of gravitational potential energy, beyond that given 

In General Conment 4. Both these topics are covered In the Recommended Readings above. 

A correction to Figure 10.13: The quartz fiber In a Cavendish balance is actually 
very fine, and not twisted! In use, the mirror rotates through only a small angle. 

Work the problems for Objective 2 starting frojn the fundamental gravitational 
and centripetal force expressions. Do not try to remsnber the equations in 
Illustrations 10.5 and 10.7. 

BUECHE 







Problems with 
Solutions 


Assigned 
Problems 


AddUional 
Problems 


Objective 
Hunger 


Readings 


Study 
Guide 


Text^ 


Study 
Guide 


(Chap. 10) 


1 


General Comments 
1, 2; Sees. 10.8, 

10. g 


A 


Illus. 
10.6 


0, H(b), F(a) 


J, 12-14, 
24 


2 


General Comment 
3; Sec. 10.11 


B 


Illus. 
10.5, 
10.7 


E(a), F(b), 
G(c), I(a, c) 


K, L, 23, ^ 
25, Quest. 
1, 11, 13 


3 


General Ccwment 
4; HR*: Sees. 14-8 
thru 14-10; or WS*: 
Sees. 13-5, TS-6 


C 
a 




6(a. b), H, 
Kb) 


K, N, 17 



^See Example in General Conauent 4. Illus. = Illustration(s). '^Quest = Question(s). 



*HR = David Halliday and Robert Resnick, Fundamentals of Physics (Wiley, New 

York, 1970*, revised printing, 1974). 
WS = Richard T. Weidner and Robert L. Sells, Elementary Classical Physics 

(Allyn and Bacon, Boston, 1973), second eaition. Vol. 1. 
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TEXT; David HaTTiday and Robert Resnick, Fundamentals of Physics (Hiley, 
Mew York, T970; revised printing, 1974) 



SUG(ESTED STUDY PROCEDURE 

Read the General Cedents on the following pages of this study guide, along 
with Chapter 14 in your text; but Sections 14-3 and 14-5 are optional . Also, 
you will not be expected to reproduce the derivation in Section 14-4; however, 
you shouTd read it through because the result, Eq. (14-8), is very important. 

At this point, it's quite likely that you haven't yet studied oscillations 
(as in the njodule SimpTe Harmonic itotton) . But you need not be dismayed at 
the two references to simple harmonic inotion - they're not critical to your 
understanding of this niodule, and you can simply take the stated results 
about oscillations at face value. 

On p, 266 in Section 14-8, the quantity "F(r)" would inore appropriately be called 
*'Fr(r)." It is really the component of f(r) along the outward radial direction 
(which can be negative and is, in this instance), whereas the notation used 
ntakes it look like the magnitude of a force (which cannot be negative). 

Work the problems for Objective 2 starting from the fundamental gravitational 
and centripetal force expressions. Do not try to remember Eq. (14-13) and 
the subsequent equation. 



HALLIDAY AND RESNICK 







Problems v;1th 
Solutions 


Assigned 
Problems 


Additional 
Problems 


Objective 
Number 


Readings 


Study Text 
Guide 


Study 
Guide 


(Chap. 14) 


1 


General Comments 
1, 2; Sees. 14-1, 
14-2, 14-6 


A 


D, E(b), 
F(a) 


J, 3, Quest. 1, 26 


2 


General Comment 
3 


B Example* 


E(a), F(b), 
G(e), I(a, e) 


K, L, 20, 22-27, 
Quest.t 5, 8, 
12, 21 


3 


General Comment 
4; Sees. 14-8 
thru 14-10 


C General 
Comment 4 
Example; 
Ex.t 4, 5 


G(d, b), H, 
Kb) 


M, N, 30-34, 43- 
45 



*Study derivation of Eqs. (14-12) and (14-13) In Seetlon 14-7 (pp. 262, 263). 



fEx. = Exaniple(s). Quest. = Questlon(s). 
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TEXT: Francis Heston Sears and Mark W. 2emansky, University Physics (Addison- 
Wesley, Reading, Mass., 1970), fourth edition 



SUGGESTED STUDY PROCEDURE 



Read the General Conments on the follovring pages of this study guide, along with 
Chapter 5, Sections 5-4 and 5-5, Chapter 6, Section 6-9, and Chapter 7, Section 
7-4. Reooimiended: Read Sections 14-4 snd 14-8 through 14-10 in Chapter 14 of 
Halliday and Resnick (HR) ,* or Sections 13-5, 13-6, and 13-8 in Chapter 13 of 
Weidner and Sells (WS). Optional : Read Section 6-10 of the text. 

If possible, you should read through a derivation of the result for large, 
spherically symmetric objects mentioned in General Comment 2 below; and you may 
wish further discussion of gravitational potential energy, beyond that given in 
General Comient 4 and Section 7-4 in the text. Both these topics are covered 
in the Recommended Readings above. 

Work the problems for Objective 2 starting frraii the fundamental gravitational 
and centripetal force expressions. Do not try to ranember the equations in 
Section 6-9. 



SEARS AND ZEHANSKY 



Problems with Assigned 

Solutions Problems 

Objective Readings Study Text Study Additional 

Number Gui de Gui de Probl sns 
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General Comments A Sec. 5-4, D, E(b), J, 5-2, 5-4, 

1, 2; Sees. 5-4, Ex. 1, 2; F(a) 5-8 to 5-12 

5-5 Sec. 5-6, 

Ex. 8 



2 General Coimtent B Sec. 6-9, E(a), F(b), K, L, 

3; Sec. 6-9 Ex. G(c), 6-43 to 6-47, 

I(a, c) 7-36(a), 
7-50(e, f) 

3 General Conmient C G(a, b) M, N, 

4; Sec. 7-4 after i, H, 1(b) 7-36(b, c) 

Ex.^ 5; HR*: Sees. 

14-8 thru 14-10; or 

WS*: Sees. 13-5, 

13-6 

a 5 

Ex. = Examples(s). See Example in General Comment 4. 



*HR = David Halliday and Robert Resnick, Fundamentals of Physics (Wil^, New York, 
1970; revised printing, 1974). 

WS = Richard T. Weidner and Robert L. Sells, Elementary Classical Physics (Allyn 
O and Bacon, Boston, 1973), second edition. Vol. 1. 
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TEXT: Richard T. Weidner and Robert L. Sells, Elsnentary Classical Physics 
(AUyn and Bacon, Boston, 1973), second edition. Vol.. 1 



SUGGESTED STUDY PROCEDURE 

Read the General Comments on the following pages of this study guide, along 
with Chapter 13 in your text; but Sections 13-4 and 13-7 are optional . Also, 
you will not be expected to reproduce the derivation in Section 13-8; however, 
you should read it through because the result, Eq. (13-18) and the Implied 
equation for the force due to a large spherical object. Is very important. 

Work the problems for Objective 2 starting from the fundamental gravitational 
arid centnpetal force expressions. Do not try to remember the ajuations derived 
for planetary and satellite motion. 

WEIDKER AND SELLS 







Problons with 
Solutions 


Assigned 
Problems 




Objective 
Number 


Readings 


Study 
Guide 


Text 


Study 
Guide 


Addi tional 
Problems 


1 


General Comments 
1, 2; Sees. 13-1 
thru 13-3 


A 


Ex.* 13-2 


D, E(b), 
F(a) 


J, 13-2, 
13-10 


2 


General Comment 3 


B 


Ex. 13-1 


E(a), F(b), 
G c), 
I(a, c) 


L, 13-5, 
13-8, 13-9, 
13-20 


3 


General Comnent 4; 
Sees. 13-5, 13-6 


C 

t 


Ex. 13-4 


G(a, b)., 
H, Kb) 


M, 

13-12(b), 



13-14 to 13-16, 
13-21, 13-26, 
13-27 



Ex. = Exainple(s). 
tSee Example in General Comment 4. 
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GENERAL COrngfTTS 

The gravitational Force Law and the Gravitational Field g 

The LAW OF UNIVERSAL GRAVITATION is easily expressed: 

Every particle (with mass say) in the universe is attracted toward 
every other particle (with mass H^, say) by a force with magnitude 

F = m^M^/r^), 

where r is the distance between the two particles* and 

G = 6.67 X 10"" N m^/kg^ 

lis an experimentally measured universal constant (see Fig* 1)* 

{In the figure, has been placed at the origin for later convenience.) Note 
that the direction of f is exactly along the line joining the two masses. This 
law can also be expressed vectorially: 

The gravitational force experienced by due to the presence of H^is 



"21 ^ Mt^f2^n^' 



where r is again the distance of separation, and r is a unit vector pointing 
in the direction from toward (see Fig, 1), z 

z 

I ^ • M 





Figure 1 



Figure 2 



Two masses are required in order to talk about the gravitational force Ki- 
But notice that if we divide through by Mg* we obtain a quantity 
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relative to H^- [Since r = rr is simply the position vector of that point 



relative to H^, we have indicated this lattsr dependence by writing g(r), 
instead of simply g,] See Figure 2. 

In fact, we don't need at all in thinking about this quantity g(r), i^hlch Is 
called the gravitational field Intensity or, more simply, just the gravitational 
field due to - 

This abstraction g associated with a single mass occupies all space surround- 
ing whether other masses are present or not; and at each point. It can be 

2 

represented by a vector pointing toward li^y with the magnitude GH/r - flotlce 
that, physically, the gravitational field Intensity at a given point Is simply 
the acceleration a very small object would experience If It were placed at that 
point. 

The use of the concept of a force field to describe an Interaction at a distance 
Is an exceedingly Important technique^ and v/ITl be developed further In later 
modules on electric and magnetic Interactions. The gravitational field Is a 
central conservative field; central because It acts along the line joining the 
Interacting particles, and conservative (for energy) because It Is possible to 
define a potential energy function of distance. If you have already studied 
torque and angular momentum, you will recognize that a particle subject only to 
the centrally directed gravitational force of another body experiences no torque; 
thus Its angular momentum Is constant, or "conserved^" (For circular orbits, 
this reduces to the simple result that the speed Is constant.) Furthermore, 
as the particle changes Its position (In whatever kind of an orbit), all de- 
creases In kinetic energy are accompanied by equal Increases In gravitational 
potential energy, and vice versa, so that the total energy remains constant. 
In this module, you will make extensive use of the conservation of energy, 
flote that because the moving particle Is subject to a force. Its linear momentum 
Is not constant. 



2. "Large" Spherically Symmetric Objects 

One of the Interesting and useful consequences of the functional form of the 
law of gravitation (namely, the dependence 1/r^) Is that the gravitational field 
of an extended spherically symmetric object of mass H and radius R (see Flg^ 3) 
Is exactly the same as the field of a "point" (I.e., very small) object of mass 
M located at the same place as the center of the sphere. That is, the gravita- 
tional field due to 3(a] Is exactly the same as the field due to 3(b) for every 
point r > R. (For r < R, the fields are very different for these two situations.) 
Therefore, whenever you encounter a spherically synvnetric object, you can sim- 
plify the situation by replacing the object with a point object of equal mass - 
assuming you are Interested only In points outside the spherical object, and 
not, say. In a tunnel through Its middle. 
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Caution : When using the gravitational law in such situations, be sure to use 
the distance frrai the center of the gravitational attraction, and not the 
height above the surface of the Earth or the other body! 



Figure 3 



(a) 



(b) 



fc 



Figure 4 



fn 




3. Circular Planetary and Satellite Orbits 

In reality* the orbits of planets and satellites are never exactly circles* but* 
rather* more general ellipses. However* the orbits of niost planets and of marry 
satellites are near enough to circular that only a very small error results from 
treating them as circular, This simplifies the calculations greatly* since then 
you can use what you learned about circular motion in the module Planar Motion, 
In fact* you found in Problem 6 of Planar ftotion that a circular trajectory such as 

r(t) = 2[cos(iTt/4)i + sin(irt/4)j] m 
4ias an acceleration 

t(t) = -6)2^(t)* 

where to = v/r. [See* in particular* parts (c) and (d) of that problem.j That is* 
a particle moving in a circular path of radius r at the constant speed v = tor has 
a centripetal acceleration with magnitude a^ ~ to^r* 

Furthermore* you found in the module Newton's Laws that it takes a force F = ma 
to give a particle with mass m the acceleration a- From these last three ^ua- 
tions* it follows that the centripetal force 

2 2 
F^ = m&) r = mv /r 

is required to hold a particle in a circular path* 

In the case of a satellite moving around Earth as in Figure 4* this centripetal 
force is provided by the gravitational force of attraction between Earth and the 
satellite. Since » m* we can ignore the motion of Earth; it acts just like 
a fixed force center. As you learned in your studies for Objective 1 of this 
module, the gravitational force acting on the satellite has the magnitude 

ERIC ^* 
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g e es 

Equating F to F yields 
c s 

inv « o e „ „Z e 

r C A or V = — . 

TTiis relation allows us to calculate^ s^, v in terns of and r^^- Once we 
have found v from a relation such as the above* then it is» of course* easy 
to find the period T of the circular motion, since vT is just the circumference 
2sr of the circular orbit* 

The motion of planets around the Sun is very similar; since the Sun has a mass 
much greater than that of any planet, it can be treated as a fixed force center, 
just as the Earth was above* 

4* Gravitational Potential Energy 

In an earlier unit, you learned that an d>ject of mass m that is raised a 
distance h in the vicinity of Earth's surface gains potential energy in the 

2 

anK)unt njgh* Let'5 show this directly from the law of gravitation, F = GH^m/r * 
The work done lifting m is the integral of the force we nujst exert through 
the given distance: 

R+hGHm R-^-h. ^R+h 

W = / (— |-)dr = GM m/ ^ = ^GH 

R r^ ®R r^ ®^R 

" '^''kh: ' ^ = ^eWtiir* 

When the height h is much less than the radius R of the Earth,, this yields the 
approximate value W ^ GM^mh/R^ ^ mgh* 

Hote that this is valid only when h « R* 

What If we go all the way from the surface of Earth to infinity? This time we get 

T » T GH m 

M(R to «^ = -Giimlf\ = -GH^mCO --i-] - -K-^* 

R 

This Is the amount of energy that nujst be expended to carry a mass ni from the 
surface of Earth to a point infinitely far away* (We are neglecting the pre- 
sence of the other planets and the Sun*} Since It is convenient and custoniary 
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to say that an object has zero potential energgr at infinity, we see that the 
gravitational potential energy of an object is a negative quantity (zero only 
at infinity) that becomes more negative as the object approaches any otiier 
massive object. For instance* as an object approaches Earth* it loses more 
and more potential energy (its potential energy bec(»nes more and mre negative)* 
and its kinetic energy becoines correspondingly greater. Recall that space 
capsules returning from the Koen attain extremely high velocities just before 
reaching Earth's atmosphere, Jhis is exactly analogous to the example of a 
car gaining speed as it coasts down a steep hill - potential energy is being 
transformed into kinetic energy. 

If we use the customary s^nibol U(r) to denote gravitational potential energy* 
then our result above is just 

U(r) = 'G(JIWr)* 

for a point or spherically symmetric mass. A particle in such a gravitational 
field (with no other forces present) always aoves in such a way that the s\m of 
its kinetic and gravitational potential energies is constant: 

E- = Total initial (mechanical) energy = K- + U- 

= + = Total final (mechanical) energy - E^. 

This energy- conservation equation is very useful in solving many problems. 



Space scientists wish to launch a 100-kg probe to infinity (i.e.* far frm 
Earth)* How much energy does this require? What initial speed is needed? 
Ignore the presence of the Sun for this example, ("Initial" means at the time 
of burnout* which for this problem is only a negligible distance above the 
surface of Earth*) 



The minimum required energy K- is that which gets the space probe to "infinity" 



Example 



Solution 



with zero kinetic energy, Thit is, 
+ U- = + U^: = 0 + 0* 

1 1 » I 



or 




^e!^^ (6.67 X 10"''^)(6.0 x }(?^)im) 
'e 6-4 X 10^ 



J = 6.3 X 10^ J. 



The needed initial speed follov/s fran the relation 



y/hich yields 
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ADOITIOHAL LEARHIKG MATERIALS 
Auxilliary Reading 

Stanley Williams* Kenneth Srownstein, and Robert Gray, Student Study guide with 
Programmed Probleins to Acconipany Fundamentals of Physics and Physics, Parts~T 
and II, by David Halllday and Robert Resnick (Wiley, new York, 1970). 

Objective 1: Sections 14-1 and 14-2; 

Objective 2: Section 14-8, especially Problems 1 to 7, and 15 to 17; 
Objective 3: Sections 14-5 through 14-7, and 14-8, Problems 19 to 28. 

Film Loop 

Ealing #80-212: Iteasurement of "G"/The Cavendish Experiinent. 
Various Texts 

Frederick J. 8ueche, Introduction to Physics for Scientists and Engineers 

O-ScGraw-Hill, Hew York, 1975J, second edition: Sections 10.8 through 10.13. 

Oavid Halliday and Robert Resnick, Fundamentals of Physics (Wiley, Hew York, 
1970; revised printing 1974): Chapter 14. 

Francis Weston Sears and Hark W. Zemansky, University Physics (Addlson-Mesley, 
Reading, Mass., 1970), fourth edition: Sections 5-4, 5-5, 6-9, 6-10, 7-4. 

Richard T. Weidner and Robert L. Sells, Elementary Classical Physics (AUyn 
and 8acon, Boston, 1973), second edition. Vol. 1: Chapter 13. 

PR08LEM SET WITH SOLUTIONS 

Since some of the problems for this module are numerically arduous, you may use 
the simplified numerical values below (accurate to within a few percent) when 
working these problems. 



G - (2/3) X 10'^° H m^/kg^ 
Mass of Sun = 2.0 x 10^" kg 
Mass of Earth = 6.0 x 10^* kg 

Mass of Moon = (3/4) x lO^^ kg 

23 

Mass of Mars = 6.3 x 10 kg 

Earth to Moon - (3/8) x 10^ m 

2 

g on Earth = 10 m/s 



ir'' - 10 

g 

Radius of Sun = 7.0 x 10 m 

g 

Radius of Earth = 6.4 x lo m 

Radius of ffcon = (1/6) x 10^ m 

Radius of !tars = (1/3) x 10^ m 

Earth to Sun « K5 x 10^^ m 

12 

Saturn to Sun = 1.5 x 10 m 



er|c 
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A(1). A space probe determines that the magnitude of the gravitational field 
t IS 1.1 tlflses as large at the surface of Uranus as It Is at the surface 
of Earth. Use the radius of Uranus, = 2.4 x lo^ to determine Its 
iiiass. 

Solution 

2 

Since g = 6H/r , we have 

„ . gR2/G = [(1-1)(2-4>10¥l ^ , ,o25 

" " [(2/3) X 10-'"] 



B(2). COnmunl cations satellites, such as Telestar, are placed In synchronous 
orbits around Earth. (A synchronous orbit Is an orbit In which the 
satellite Is constantly above the same spot on the surface of Earth.) 
How far above the surface of Earth must such a satellite be? 8e sure 
to start from the fundainental gravitational and centripetal force equations. 

Solution 

For a synchronous orbit, the angular velocity of the satellite must be the 
SBm as that of Earth, namely, - Zit ^ (rajmber of revolutions per second) 
= (27r/24 X 60 X 60) rad/s. 

Since the Earth Is much heavier. It Is nearly stationary. Therefore, the 
radius of the satellite's orbit Is virtually the same as the distance between 
the center of the Earth and the satellite; call this distance r. Then the 

equation F^g^trlp " ^grav ^^""^^ J*^'^ 

2 2 
mm ~ 6H m/r 
e 

or 

= mj(a = [(2/3) x 10"^°3(6-0 lo2*)[12 x 3600)W3 = 74 x 10^^ m^- 

And thus r = 4.2 x 10^ m. But the problem asked for the height above the 
surface of Earth: 

h = r - R = 4.2 X 10^ m - 0.60 x 10^ m = 3.6 x 10^ m. 

If an object Is fired from the surface of Earth with a great enough 

speed Vq, It will escape from the gravitational field of Earth and will 

not return. What Initial speed Is needed for an object fired vertically 

to rise to a maximum height R /3 above the surface of Earth, before It 

e 

returns? Express your answer In terms of Vq; Is the radius of Earth. 
(You do not need to use any numerical values!) 

18 
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Solution 

At Its maxlimim height the object will not be n»ving, so that = 0. Therefore, 
K- + = + becomes 

e e e 



Thus 



..^2, fr(2/3) > 10-1°1(6 0 > 10^»)] g , 33 , ,„3 
' I 2(6.4 X 10**) J 



Problems 



D(1). (a) At what height above the surface of Earth Is the gravitational field 

2 

equal to 5.0 m/s ? Express your answer In terms of the radius of 
Earth R^. 

(b) At what point between the Earth and the Sun does an object feel no 

gravitational force? Express your answer In terms of the masses 

and H-., and the Earth-to-Sun distance r_. 
s es 

E(1,Z). Jupiter has a moon with an approximately circular orbit of radius 

4.2 X 10"^ m and a period of 42 h. 

(a) What Is the magnitude of the gravitational field due to Jupiter 
at the orbit of this monl 

(b) From (a) and the value of find the mass of Jupiter. 

F(l,2). Answer the questions below, using only Newton's law of universal 
gravitation, the centripetal force law, and ths following data; 

2 

At the surface of the Earth, g = 9*8 m/.s . 
The radius of Earth Is 6400 km. 

The Moon completes one orbit around the Earth every 27.3 d 

* 2.40 X 10^ s. 
From the Cavendish experiment, G ^ 6.7 x lo"^^ fi iri^/kg^. 

(a) Vfliat Is the mass of Earth? 

(b) What Is the radius of the Moon's orbit? 



19 



STUDY OJIDE; Gravitation 12 

G(2,3). Typical satellite orbits back around 1960 were 1.6 x 10^ m above 
the Earth's surface. 

(a) What Is the potential energy* relative to Infinity* of a 1000-kg 
satellite In such an orbit? 

(b) What Is Its potential energy relative to the Earth's surface? 

(c) Find the tline that such a satellite requires to coinplete one orbit. 
8e sure to start from the fundamental gravitational and centripetal 
force laws ! 

H(3). A space traveler In Interstellar space Is working near her craft when 

her safety line breaks. At that mment she Is 3.00 m away from the center 
of mass of the craft and drifting away froip it at the speed of 1.00 mn/s. 
If the mass of the craft Is 10 000 kg, will she reach a maxiMim distance 
and be drawn back, or will she drift away indefinitely? 

1(2 »3). A 1.00 ^ 10 kg spaceship making observations in Interplanetary 

space Is In a circular orbit about the Sun at a radius of 1.50 x 10^^ m 
(approximately the orbit of Earth). 

(a) What Is its kinetic energy while In this orbit? [You must start 
from the gravitational and centripetal force (or acceleration) laws.] 

(b) Having completed their observations here, the crew next depart on 
a voyage to the vicinity of Jupiter's oitit, five times as distant 
from the Sun (7.5 x lo^^ m). There, however^ It Is not necessary 

to establish a circular orbit; the ship can arrive there with essen- 
tially zero kinetic energy. Purely on the basis of energy conserva- 
tion, what IS the minimum energy that the engines must provide for 
this voyage? 

(c) While In the orbit of part (a), the ship made two complete trips 
around the Sun. How long» In seconds, was It there? 

J(1). Astronauts on the Moon can jump considerably higher than they can on 

Earth; that Is, the acceleration due to gravity Is much less. In fact» 

g = 0.17 g„. The moon Is also much smaller: R„ = 0-27 R„. 
*m e me 

{a) Use these data to find the ratio of the masses of the Moon and the 

Earth, M /M^. 
m c 

(b) On the straight line between the Earth and the Moon there is a 

point vihere a spaceship experiences no gravitational field, because 

the'fields of the Earth and the Moon cancel. How far is this point 

5 

fran the Moon? The Moon is 3.5 >c 10 km fron the Earth, 



ERIC 
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K(2]. Certain neutron stars are believed to be rotating at about one revolution 
per second. If such a star has a radius of 30 km, what inust be its ntass 
in order that objects on its surface will not be thrown off by the rapid 
rotation? 

L(2). fin asteroid revolves about the Sun in a circular orbit once every eight 
years. Approximately how far is it from the Sun in astronomical units 
(1 AU is the nean distance fronj the Sun to Earth)? You must start from 
the fundamental gravitational and centripetal force (or acceleration] 
equations. 

K{3), What speed is necessary for a 1000-kg spaceship at a distance from the 
Sun equal to the radius of Saturn's orbit to escape from the Sun's 
gravitational field? 

30 3h 

H{Z}. A star of mass 2,0 x lO kg and another star of mass 4.0 x lO kg are 
initially at rest infinitely far away. They then move directly toward 
one another under the influence of the gravitational force. Calculate 
the speed of^their impact, which occurs when their centers are separated 
by 3.0 X 10 m. The radii of the stars are 1.0 x 10 m and 2.0 x 10 m, 
respectively. Neglect the motion of the more massive star. 

Solt^ions 



0(1). (a) h = r - Rg - 0.41Rg; (b) r^ = ^V^^e and thus 



1 + 

E(l,2). (a) 0.73 m/s^; (b) l.gxio^^kg. 

F(l,2). (a) 5.9 10^* kg; (b) gfi^/r^ = (at fiie Moon's orbit) 

c in 

m m T 

G(2,3). (a) -6.1 X 10^° J; (b) 1.6 x 10^ J; (c) 88 min. 

H(3]. Let's hope she has a wrench In her hand that she can throw, since her 
total energy is « c 

E = K + U = (l/2)jnv^ - GMm/r = m(l/2 - 2/9) x lO'' J > 0! 

1(2,3). (a) 4.4 X 10^* J; (b) 2.7 x 10^* J; (c) 2^ x 10^ s. 

J(l). (a) m/H = 0.012; L(2). 4.0 AU. 

(b) 0.35x10 km. „(3j^ 1.3xlO*n/s. 

K(2). 1.6xio25kg. „(3j Lg^ipS^/s. 
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PRACTICE TEST 

Use the simplified numerical values below (accurate to within a few percent) 
in file Practice Test. 



6 = (2/3) X 10"^° H m^/kg^ 


TS^ = 10 




Mass of Sun = 2.0 ^ ^0 kg 


Radius of Sun = 


7.0 X 10^ m 


Mass of Earth = 6.0 x lo^^ kg 


Radius of Earth 


= 6.4 X 10^ m 


Mass of Koon = (3/4) x lo^^ kg 


Radius of Moon ■= 


(1/6) X 10^ n 


Mass of Mars = 6.3 x 10^^ kg 


Radius of Mars = 


(1/3) X 10^ m 


Earth to Moon = (3/8) x lo^ ni 


Earth to Sun = 1 


.5 X 10^1 m 


g on Earth = lOin/s^ 


Saturn to Sun = 


1.5 X 10^^ m 



1. The radius of the planet Jupiter is 11 times that of Earth, and its mass is 
310 times as large as that of Earth. Using only these data, find out how the 
acceleration due to gravity on the surface of Jupiter compares with that on 
Earth. 

g 

2. A 1.0 X 10 kg spaceship making observations in interplanetary space is in 
a circular ottit about the Sun at a radius of 1.5 x lO^^ m (aooroximatelv 
the ottit of Earth). 

(a) What is its kinetic energy while in this orbit? [You must start from the 
gravitational and cetripetal force (or acceleration) 1ms. j 

(b) Having completed their observations here, the crew next depart on a voyage 
to the vicinity of Jupiter's oH)it» five times as distant from the Sun 

(7.5 X 10^' m). There, however, it is not necessary to establish a circular 
ottit; the ship can arrive there with essentially zero kinetic energy. Purely 
on the basis of energy conservation, what is the minimum energy that the 
engines must provide for this voyage? 

(c) While in the ottit of part (a), the ship made two complete trips around the 
Sun. How long, in seconds, was it there? 



•s ^ot X itz (3) ip ^^ot ^ rz (q) ^^ot X [H '2 
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Date 



Hasteiy Test 



Form A 



pass 
1 



recycle 
2 3 



Ham 



Tutor 



Use the simplified numerical values below (accurate to within a few percent) 
In this Mastery Test; 



1. On certain Saturdays In the autumn, large numbers of pebpTe experfence a strong 
attraction for the football stadium. Oo you suppose that this attraction could 
be gravitational Inorigln? That Is, estimate the gravitational force of attrac- 
tion exerted by the stadium on an 80-kg football fan one block (133 m) awf^r. 
Assume a total mass of 1.0 x 10^ kg for the stadium (Including the fans al- 
reacjy assembled there). 

2. In 1944, when the first group of astronauts landed on Mars, they discovered the 
third moon of Wars, which was In a circular ottit 1.0 km above the surface of 
the planet. 

(a) What was the speed of this moon In Its ovtlt? Remember that you are to 
start from the fundamental centripetal and gravitational force equations! 

Since a moon this close to the surface of Mars Interfered with their explorations 
the astronauts decided to move It Into an orbit at a higher altitude. Fortui- 
tously, the angular speed for this new orbit was 

0) X 10"^ rad/s. 

(This Is especially fortuitous If you use a calculator that does not take cube 
roots!) 3 
The mass of the moon was 2.0 ^ 10 kg. 

(b) What was the radius of the new orbit? 

(c) H(M much energy did It take to move the moon to Its new oH)1t? 



6 = {2/3) X 10"^° ti m^/kq^ 

Kass of Sun = 2.0 x lO^" kg 

Mass of Earth = 6.0 x 10^^ kg 

Mass of Moon - (3/4) x 10^ kg 

Mass of Kars - 6.3 x lo^^ kg 

Earth to Moon - (3/8) x lo^ m 

2 

g on Earth = 10 m/s 



1^ = }0 

g 

Radius of Sun = 7.0 x }0 m 

g 

Radius of Earth = 6.4 x 10 m 
Radius of Moon = (1/6) x lo^ m 
Radius of Hars = (1/3) x 10^ m 
Earth to Sun = 1.5 x lo^^ m 
Saturn to Sun - 1.5 x 10 m 
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Date 



Hastery Test 



Form 8 



pass 
1 



re<ycle 



2 3 



Name 



Tutor 



Use the simplified numerical values below (accurate to within a few percent) 
in this Mastery Test. 



1. A meteorite originally at rest in interstellar space falls to the surface of 
Earth; find the speed with which it hits. For this prcAlem, make the 
simplifying assunptions (not really justified) that the effect of the Sun, 
the motion of the Earth, and the retarding force of the atmosphere can be 
neglected. 

2. Because of an accident on a space flight, a 70-kg man is left in deep space, 
1.0 X lo"* m from the spherical asteroid Juno of mass 1*5 x kg. 

(a) Hov/ fast must he move, propelled by his rocket pack, to achieve a circular 
ortlt around the asteroid at this distance, rather than crashing to Its 
surface? [You must start from the fundamental gravitational and centripetal 
force (or acceleration) equations.] 

(b) It takes 8 h and 45 min for the rescue ship to arrive. Where should 
they look for him, relative to the place of the accident? 



6 = (2/3) X 10"^° li m^/kg^ 

Mass of Sun = 2.0 x 10^° kg 

Hass of Earth - 6.0 x lo^^ kg 

iMass of (toon = (3/4) x 10^^ kg 

Mass of Mars = 6.3 10^^ kg 

Earth to itoon = (3/8) x 10^ m 

2 

g on earth = 10 m/s 



11^ = 10 

Radius of Sun = 7.0 x 10^ m 

g 

Radius of Earth = 6.4 x 10 m 
Radius of Moon = (1/6) x lo^ m 
Radius of Hars = (1/3) x lo^ m 
Earth to Sun = 1.5 x 10^^ m 
Saturn to Sun = 1 .5 x 10^^ m 
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Mastery Test Form C pass recycle 

12 3 

time ^ Tutor 



Use the simplified numerical values below (accurate to within a few percent) 
in this Mastery Test. 



G = (2/3) X 10"^° N m^/kg^ 

Mass of Sun = 2.0 x lo"*" ki 

.24 



Mass of Earth = 6.0 x lO'''^ kg 

Mass of Hoon = (3/4) x 10^^ kg 

23 

Mass of Mars = 6.3 x lO kg 

Earth to Hoon ^ (3/8) x 10^ m 

2 

g on earth - 10 m/s 



TT^ = 10 



,8 



Radius of Sun * 7.0 x 10 m 

g 

Radius of Earth = 6.4 x 10 m 
Radius of Hoon = (1/6) x 10^ m 
Radius of Mars = (1/3) x 10^ m 
Earth to Sun = 1 .5 x 10 



m 



Saturn to §un - 1.5 x IQ 



12 



1. When Deathwish Hershey reported for his Space Corps preinduction physical, 
he brought with him a letter from his psychiatrist to certify that he showed 
suicidal tendencies in low-q environments. In spite of this» he was assigned 
to a tour of duty on Mudberry^ a perfectly spherical airless asteroid of 
radius 200 km, where g - 0.20 in/s^. After a month of solitary duty, 
Deathwish could stand it no longer. Having conipleted a quick calculation, 

he fired a bullet parallel to the asteroid's surface at speed v and stood 
at attention, waiting for it to hit him on the back of the head. Little 
did he know that his appeal had been successful and that a ship was due to 
arrive in one and one-half hours to return him to civilian life. 

(a) At what speed v did Deathwish fire the bullet? [Vou must start from 
the fundamental gravitational and centripetal force (or acceleration) 
equations.] 

(b) Did the ship or the fatal bullet arrive first? 

2. If Deathwish had fired the bullet vertically instead of horizontally, but 
with the same speed v as in the preceding problem, how high would it have 
gone? Or would it have escaped from the asteroid entirely? 
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MASTERY TEST GRAOING KEY - Form A 



1. Solution: Hardly, since 

F , * [(2/3) > 10-^°m.° ' « = 3.0 « 10-« ». 

9 (133)2 

2. What To Look For : (a) Check that the student really started by equating 
the centripetal force to the gravitational force. (Equating accelerations 
Is essentially equivalent.) If some other (correct) equation was used, make 
her/him derive it! 

(c) Hake sure that both kinetic and potential energies have been included 
for botti orbits. If the student used one of the relations E = -K ^ (1/2)U 
(valid only for such orbits), ask her/him how the probl^ could ce done 
without assuming this relation. (But don't require the student to go through 
the arithmetic again.) 

SeMlons: U) F„„^^^p - Fg^g^ or mv^/R,^ - GM^m/Rj^. (a^^^trip = Vav ^'^ 
also acceptable.) Thus 



f%,l/2 r[(2/3) » 10-1°1(6.3 > lO^^J ^^ 
'■\^ ' ^ (1/3) « 10' 



3 

ms = 3.5 5t 10 nVs. 



(b) As above, 

mm^ = ^ or r = = [[(2/3) x 10-'"](6 3 x 10 ^ ^ 

r*^ ^« ^ 42 X 10'"^ 

r = 1.0 X 10^ m. 

(c) r."~ (1/3) X 10^ m, r^ = 1.0 10^ m, = 3.5 10^ m/s, 

= ^ X 10' rad/s, and = r^^ • x lO nVs; 
thus the energy needed is iE = + - - U. = icC^^ " M ^ %'r^ ' r^*-' 

= (2.C X 10^) X X 10^)^ - 1(3.5 X 10^)^ 

+ [(2/3) X 10'''°3(6.3 10^^) 
X (3.0 10'^ - 1.0 X 10'^)) 



(2.0 X 10^)[0.21 - 6.1 + (4.2)(2.9)3 x 10^ 



or AE = 1.3 X 10^ J. 



£r!c 26 



GRAVITATION 



B-1 



HA5TERY TEST GilADIHS KEY - Fora B 



1. Solution: = E- or + = K- + U- = 0 + 0; thus 

. , (2(2/3 . 10-1°)(6 0 . ,0^4) 1/2 ^ ^ 

(6.4 X 10^) 

2- What To look For : (a) Check that the student really started by equating 
the centripetal force to the gravitational force. (Equating accelerations 
Is essentially equivalent,) If some other (correct) equation was used, 
nake her/him derive It- 

Solutions: (a) F^^j^^j.^^ = F^^^^ or mv^/r = 6ffe)/r^. Thus, 

V = = ([(2/3) X 10-10](1.5 X 10l4)^1/2 ^ ^^^^ 

1.0 y- W 
the speed he needs to orttlt, 

th\ r - 2iir _ 2;i(1.0 x Ip'*) _ 4 
(b) T = — - — ^^^j ^ = 6.3 X 10 s. 

8 h + 45 min = 8(3600) + 45(60) = 3.15 x 10** s. 

They should, therefore, look for him almost exactly on the other side of 
Juno. 
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KASTERY TEST GRAOISG KEY - Fonn C 



1. What To Look For: (a) Check tliat the student really started by equating the 
centripetal force to the gravitational force. (Equating accelerations is 
essentially equivalent.) If some other (correct) equation was used, make 
her/him derive iti 

Solutions: (a) F^ = F (Centripetal force = gravitational force) or 



By comparison, 1^ hour = (1.5)(3600 s) = 5400 s. Cheersi 

2. tihat To Look For: «afce sure that both kinetic and potential energies have 
been included. If the student used one of the relations E = -K = (1/2)U 
(valid only for such orbits), ask her/him how the problem could be done 
without assuming this relation. (But don't require the student to go 
through the arithmetic again.) 

Solution: Use energy conservation: E^ = E., or + U^ = + U-. 

Let h be the maxiimim height of the bullet, the point at which v^ ~ 0; then 

n GMm , 1 2 Gm 

Since GM = gR [see Problem l(a)3, and v- = I'^R* this becomes 



Thus, R = (1/2)(R + h), and h = R = 2.0 x 10 m. 

(If the energy had been so high that the bullet escaped, there would have 
been no value of h that satisfied this equation.) 




V = (gR)^^ ^ C(0.20)(2.0 X 10^)3^/^ ffi/s = 200 m/s. 

(b) T = 2TtR/v = E2ii(2.0 x 10^)/2003 s = & x 10^ s = 6280 s. 



-^gR+mgR = ^R. 
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SIMPLE HARI«NIC mim 



IHTRODUCTIOH 

Have you ever felt you were the slave of a clock? Clocks are n3echanisi!iis that 
Include a pendulun or balance wheel whose repeated patterns of movenent define 
equal tiflie intervals, one after another. Such repeated moveiRents are called 
periodic motion. Periodic motion msy occur when a particle or bo<iy 's confined 
to a limited region of space by the forces acting on it and does not have 
sufficient energy to escape- 
In this iDOdule you will study the special kind of periodic iDotion that results 
when the net force acting on a particle, often called the restoring force , is 
directly proportional to the particle's displacement from its equiiibrfum position 
this is known as simple hannonic motion. Actually, simple harmonic motion is 
an idealization that applies only when friction, finite size, and other small 
effects in real physical systems are neglected. But it is a good enough 
approximation that it rardcs in importance with other special kinds of motion (free 
fall, circular and rotational motion) that you haye alrea<iy studied. Examples of 
simple hannonic motion include cars without shock absorbers, a child's swing, 
violin strings, and, more importantly, certain electrical circuits and vibrations 
of a tuning fork that you may study in later modules* 



PREREQUISITES 



Before you begin this module. Location of 



you should be able to: 



Prerequisite Content 



*Oefine kinetic energy (needed for Objective 3 
of this module) 



Uoric and Energy 
Module 



*Define potentail energy, and use the conserva- 
tion of energy to solve simple problems (needed 
for Objectives 2 and 4 of this module) 



Rotational 
Motion 
Module 



*Dsfine angular velocity, acceleration, dis- 
placement, and torque (needed for Objectives 
2 and 4 of this module) 



Rotational 
Motion 
Module 



*Apply Newton's second lavr for rotation 
to solve simple problems (needed for Objectives 
2 and 4 of this module) 



Rotational 
pyndml cs 
Module 
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LEAmiKG OBJECTIVES 

After you have mastered the ointent of this im}du1e» you will be able to: 

r Definitions * Define the follcMing terms or relate thera to the solution of 
Kewton^s second law for simple harmonic niotion, x = A cos((tft ^ 6) (instead 
of 6 you way see ^ or 6): 

simple hanuonic motion^ amplitude^ 

frequency, phase constant (or phase angle)* 

angular frequency, period* 

spring ranstant, restoring force* 

2- Identify simple harmonic motion - Analyze the motion of a particle to determine 
whether simple harmonic motion occurs* and if so, detemine its angular 
frequency* 

3* Linear simple harmonic motion - Organize the necessary data about a particle 
undergoing linear simple harmonic motion to find any or all of the following 
quantities: the particle's position as a function of time, angular frequency* 
period, amplitude, phase, frequency* velocity, acceleration, mass* and the 
restoring force, kinetic energy, or potential energy of the system* 

4* Rotational or approximate simple harmonic motion - Apply Hewton's second law 
or conservation of energ/ to simple physical systems carrying out rotational 
or approximately linear simple harmonic motion to determine any or all of the 
quantities listed in Objective 3. 
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TEXT: Frederick 0. 8ueche, Introduction to Physics for Scientists and 
Engineers (KcGraw-Hill, iiew Yori:, 1975J, second edition 



SUGGESTED STUOY PROCECHIRE 

Read Chapter 13, Sections 13.1 throu^ 13.5, 13.7, 13.8, and vrork at least 
Problems A through fi, and 1, 4, 16, 9, 20 in Chapter 13 before attempting 
the Practice Test. 

The general solution of a differential equation is discussed in General 
Conment K Study tiiat carefully- Read the discussion on the small -angle 
approximation, sin 8-8, in General Coninent 3. 



Conservation of Energy 

If you forgot how to obtain the potential energy of a single harmonic oscillator, 
read Section 9.6 in Chapter 9. Since the forces within a spring that make it 
resist compression and extension are conservative, the sum of kinetic and 
potential energy in any harmonic oscillator is a constant. This observation can 
often be used to solve for the amplitude of vibration. For instance, if we 
know the velocity of the oscillator as it passes equilibrium (when the potential 
energy is zero), we can find its maximum displacement (when kinetic energy is 
zero) from 

0 + {l/2)mv5 = (l/2)kx^ + 0, Xp = v^^. 
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Similarly, if we know Xq, we can solve for the inaxlmuni velocity of the 
oscillator, Vq = XgCk/inr'^^ without even thinking about derivatives [Hote, 
however, that Wiis il v(t)jjj^.]: 

^(t^max = ^Wmx = ^ dt ^mx = ^'V ^^"('^t * ^>^.nax* 

The maxinrntn value of [-sin(ttt + e)] is +1. Thus 
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TEXT; David Halliday and Robert Resnick, Fundanientals of Physics (Wiley. 
Hew Yorka 1970; revised printing^ 1974} 



SUGGESTED STUDY PROCEDURE 

Read Chapter 13^ Sections 13-1 through 13*6^ and work at least Problems A through 
H» and 1» 9» 17^ 27^ 37 in Chapter 13 before attempting the Practice Test, 

The general solution of a differential equation is discussed in General Comment 1. 
Study that carefully. Read the discussion on the small-angle approximation, 
sin e ^ e, in General Comoent 3. There are no problems on Section 13-6, but 
reading it should help to clarify angular frequency. 



Example: Physical Pendulum 

A rather simple example of simple hannonic motion is the physical pendulum or 
compound pendulum as shown in Figure 1. A rigid boct^ of mass m is suspended 
from an axis 0. The center of mass is a distance h from the axis. The torque 
about the axis 0 on the botfy is equal to the moment of inertia about the axis, I, 
times the angular acceleration: 

T ^ la = I(dVdt^). 
The restoring torque is provided by the weight n^: 

T = -mgh sin e. 
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Therafor«, 

-mgh sin e = I(d^e/dt^). 
If e is small, sin e = e, ttius 

-mghe = I(d^e/dt^). 

This is the equation for simple harmonic motion. Compare thU with Bq, (13-21) 
in the text, setting k equivalent to mgh, and thus 

2 

a = mgh/I. 



Figure 1 
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TEXT: Francis Heston Sears and Mark Zemansky, University Physics 
(Addison-Wesley, Reading, Mass., 1970), fourth ectition 



SUGGESTED STUDY PROCEDURE 

Read Chapter 11, Sections 11-1 through 11-6, 11-8 and 11-9, and work at least 
Problems A through H, and lUl, 11-5, 11-13, and 1V29 before attempting the 
Practice Test. 

In Section 11-4, rote the integral on the left-hand side of Eq. (11*7). You 
will not be expected to do integrals like this by yourself; instead, you can 
look them up in a book of tables. The general solution of a differential 
equation is discussed in General Coninent K Stu4y that carefully. Read the 
discussion on the small-angle approximation, sin 8-8, in General Coimient 3. 



Reference Circle 

First, let us define "simple harmonic motion." If a particle, displaced a 
distance x from a position of rest and released, experiences a force toward 
that position of rest of magnitude proportional to the magnitude of its dis- 
placement, the particle will move with simple harmonic motion. Expressed 
algebraically, this is F - -kx, where x is the displacement from the position 
of rest, F the restoring force, and k a positive constant. 

Now, leave this for a moment, and consider the projection of the motion of 
a particle, moving at constant angular speed u in a circular path of radius A, 



SEARS AND ZEMANSKY 



Objective 
Number 


Readings 


Probl&ns with 
Solutions 


Assigned Problems 


Additional 
Problems 






Study 
Guide 


Study 
Guide 


Text 




1 


Sees. 11-1 to 
11-4, General 
Coimient 1 


A 


E 


11-1 




2 


Sec. 11-2, 
General Can- 
ments 2, 3 


B 


F 






3 


Sees, 11-4 to 
11-5 


C 


G 


11-5, 
11-13 


11-2, 11-3, 
11-4, 11-18 


4 


Sees. 11-6, 
11-8, 11-9, 


D 


H 


11-29 


n-22, n-26, 

n-30 



General Com- 
r.ent 3 



er|c 



35 



STUDY GUIDE: Simple Harmonic Motion 



3(SZ 2) 



upon a diameter of the circle, as in Figure 2- Arbitrarily* let the projection 
be at the center of the diameter at t - 0, and call x the displacenent of the 
projection from the center* Then, at sous later time t, the particle will 
have turned throu^ an angle e, equal to ut, and the projection will then have 
moved a distance x = A sin sat* 



How* differentiate this expression twice with respect to time, obtaining 

2 2 2 
dx/dt = ojA cos wt and d x/dt = -cd A sin at* 

2 2 2 
Sy definition, d x/dt is acceleration, u is a positive constant, and 

A sin (dt is x, the displacement of the projection from the center of the circle* 

From Newton's second law: 

F - md^/dt^* F = -ma^A sin wt* 

Therefore our final equation is F = -mw x = -kx, and the projection moves with 

simple harmonic motion, with the center of the diameter as the position of 

rest* The circle used here is referred to as the circle of reference. 

The amplitude of the simple harmonic motion Is defined In Section 11-3 as the 
maximum value of x* Since sin iot cannot be greater than one» the maximum value 
of X is A In our equation x = A sin a3t, and A, the coefficient of the trigono- 
metric tenn» is the amplitude of the simple harmonic motion. The period of 
the motion is the tim required for one complete vibration* In this time, then* 
the projection must move from the center of the diameter, up to a maximum posi- 
tive displacement^ dov/n to a maximum negative displacement, and back to the 
central point. In the same time, then, the particle moving with angular speed m 
In a circular path will go just once around the circle* The angle turned through 
by this particle Is 2ir rad» and v/e see» from the definition of angular velocity 
w = S/t* that w = 2ir/T, where T is the period of the simple harmonic motion* 
Also, since the frequency f = 1/T, u - 27rf* Thus, in our equation x ^ A sin wt, 
the coefficient of t Is 2;rf or 2ir/T* 



Figure 2 




t= t 



0 
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By definition^ ds/dt Is the velocity, and d s/dt Is the acceleration* By 
the use of just our equation x - A sin ut and Its derivatives, we may now find 
the velocity and acceleration In our particular simple hanDOnIc nation for any 
position X or time 

The constant Bq In Eq. (11-11) Is of use only when the position of the projection 
Is specified when t ^ 0 at some point other than the position of rest, and In the 
absence of such specification arbitrarily be set &}ual to zero* Suppose^ 
though, that x has some value Xq at t = 0* Then £q* (11-11) becomes 

Xq = A sin Op, 

and 6g may be evaluated. 

Another use of the circle of reference Is to simplify the kind of prd)lem we 
encounter In part (c) of Problems 11^3 and ll-4» where we are asked for the 
minimum time necessary to move from point x-j to point X2 In the simple harmonic 
motion. See Figure 3. We can determine the angles and since sin = x^/A 
and sin ^2 ' X2/A. Their sum Is the angle 6 turned through by the particle In the 
circle of ref&rnnce while the projection moves from x-j to X2- As the angular 
velocity u Is a constant^ we may say that w = e/t = 2ir/T or t = (e/2ii)T, and, 
knowing 6 and the period T» the time Is Immediately determined* 




Figure 3 
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TEXT: Richard T. Heidner and Robert L. Sells, Elementaty Classical Physics 
(AUyn and Bacon, Boston, 1973), second edition, vol. 1 



SUGGESTED STUDY PROCEDURE 

Read Chapter 14, Sections 14-1 to 14-4, and work at least Problems A through H, 
and 14-1, 14-5, 14-12, 14-15, and 14-29 before attempting the Practice Test. 

The general solution of a differential equation is discussed in General ConHiient 1. 
Study that carefully. Example 14-3 should be sfaidied before working Problems B 
and F for Objective 2. Read the discussion on the small-angle approximation, 
sin d = 9, In the General Comient 3. 
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GEHERAL COf^EHTS 

1. Differential Equations 

Your present calculus course may not have acquainted you with differential 
equations. Hence we shall discuss them briefly without getting too fancy or 
formal. The equation 

d Vdt^ = -w^x 0 ) 

is called a second-order differential equation because it contains a second 
derivative. It is not like an algebraic equation for which certain constant 
values of x satisfy the equality. As is shown in your text the solution of 
Eq. (1) is a funcMoji of the time, Although the function 

X = A cosUt + 6) * A cos 6 cos wt - A sin 9 sin wt (2) 

can be thought of simply as being arrived at by a very clever guess» it can be 
shown (by advanced mathematical techniques] to be the most general possible 
solution of £q. (1). 

Equation (2) can also be written in terms of two new constants 8 and C as 

x(t) = B cos wt + C sin wt. (3) 

(What are the relations among 8» C» A» and e?) The velocity is 

v(t) = dx(t)/dt ' -wB sin wt + C cos wt, (4) 

These last two equations are especially helpful. For instance^ if you are told 
that the particle begins its simple harmonic motion from rest at the point Xq» 
you know that x(0) = xq and v(0) = 0^ hence since cos(O) - 1 and sin(O) ^ 0 
you immediately have B -= xq and C = 0, If the particle starts at the origin 
with velocity vq* then you can conclude that B - 0 and C = Vq- Look at the. 
equations and check these results for yourself* If you have a more complicated 
case in which the particle starts at xq with velocity vq, then you can find B 
and C yourself, using the same method* Try it. Once you have found B and C» 
you can find then A and d. 

Note in the above discussion that a change in phase of ir/2 does not change the 
solution. That is, let e - Tr/2: 

X = A cos(wt +0), X - A cos(wt + + 7r/2), x - A sin(o3t + e^)* 

This last equation is Just as valid a solution of the differential equation as 
the cosine function* Try substituting it in Eq* (1) and see for yourself* 

2. Outline of Method for Investigating a System for Simple Harmonic Motion 

F{x) = 'kx, (5) 
m(dVdt^) =^ "kx* (6/ 
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I* Determine the net force acting on the particle. 

(a) Identify forces acting on the particle by drawing a free-body 
diagram. Choose a convenient coordinate system. 

(b) Find the net force acting on the particle as a function of Its 
position In the chosen coordinate system. 

II. Describe the part1cle*s displacement frrai the equilibrium position. 

(a) Find the position where the net force is equal to zero. That is 
the equilibrium position of the particle. 

(b) If necessary* introduce a new coordinate system with origin at the 
equilibrium position. 

III. Use the coordinate syston introduced in 11(b) to state Eqs. (5) and (6). 

(a) Express the net force as a function of the new coordinates. Compare 
this with Eq. (5). 

(b) Express the acceleration in terns of the second time derivative of 
the new coordinates. 

(c) Use the expressions derived in steps (a) and (b) to state Newton's 
second law? = ma in terns of the new coordinates. Ccsnpare its form 
with Eq. (6). 



3. Approximation: sin 9 = e for Small Angles 

The first thing to note is that this is true only if 9 is in radians. Obviously 
sin 1.00"* 3* 1. But r ^ 0.0174 rad, and sin(0.0174 rad) = 0.0174. This 
approximation is good up to about 15.0** or 0.262 rad. sin(0.262 rad) - 0.258. 
This is only an error of about }% so the approximation is pretty good. The 
error in the period of a pendulum when the amplitude = 15.0^ is only 0.50^. 
Thus, even though a syst^ actually does not execute simple hannonic motion^ if 
the angular displacement is kept small enough its motion will be essentially 
simple hannonic. 

A few of the many examples of simple hannonic oscillators are listed below» 
along with the expressions for orx. You should verify these expressions for 
yourself. The detemination of w» f, and T for each is left as an exercise. 



Examples of Simple Hannonic Motion 

a. Object on a sprinp (Fig. 4_J_. Equilibrium occurs at the height for which 
the spring force equals -mg. When the object is displaced^ the spring 
force changes a but mg remains the same. Restoring force is F^ = -kx- 

b. Object fastened to two stretched springs (Fig. 5). When the object is 
displaced^ one spring pulls more, and the other pulls less. Restoring 
force is F„ = -(yc)x. 

A 

c. Object fastened to two stretched springs, but displaced sideways (Fig. 6). 
If the displacement is snail, the forces exerted by the springs change in 
direction, but hardly at all In magnitude. Restoring force is = -'2Fp(x/Jl). 
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Figure 4 



Figure 5 



Figure 6 



d. Object fastened to two stretched elastic strings (Fig. 7). Essentially 
the same as above. For small displacements* the tension Fq in the strings 
does not change appreciably. Restoring force is F^^ = -2Fq()^/a). 

e. Massive object on a "nassless flagpole" (Fig. 8).. For sniall displacements, 
the motion Is almost linear. Itestoring force is F = -Kx. 

A 

f. Object on a string (pendulum. Fig. 9), The restoring force is the coiRponent 
of mg perpendicular to the string, -mg sin 9. For small displacements, the 
inotion is almost linear, and sin e =^ e. Restoring force is F = -mae = -^ng(x/£), 



m 



9 



t 
t 
t 
t 



\ 



m. 



Figure 7 Figure 8 figure 9 

Small object sliding in a frictionless spherical bowl (Fig. 10). Same as 
above. Restoring force is Fv^" -mge. Or, use the restoring torque x - -mgw 
with I - and t = la = I dZe/dt^. 

h- Pivoted plank on spring (Fig, 11), Same as a car with good shocks in front, 
very bad shocks in bacK. As the object bounces up and down, the force of 
gravity is constant, but the spring force changes. Restoring torque Is 
X » -Jtk(j:9) = -kJt29. 

Object hung frCTi wire and rotating about a vertical axis (torsion pendulum. 
Fig, 12), Some mantlepiece clocks use a pendulym of this kind. Generally, 
the wire provides a restoring torque x " -k9. 



Figure 10 



1© 




I. 









Figure 11 



Figure 12 
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ADDITIONAL LEARNIHG HATEftlALS 

Film loops; "Simple Harmonic Motion" 

"Velocity and Acceleration In Simple Harmonic Motion" 

Available from Ealing Corporation. 
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PROBLEM SET MIIB SOUmONS* 

A(l)- Define the following tenns: acipllttide* angular frequency, phase constant, 
period. 

Solution 

Amplitude: the uiaxlmura displaceinent from equlllbriun] of an oscillating particle. 

Angul ar frequency : 2? divided by the time required to complete one cycle of 
the motion tor Z-f). Another definition Is the nuni&er of radians con^leted per 
second; knowing that 2? rad equal one cycle. 

Phase constant: if x - A cos((flt 9) then (tat + e) is called the phase of the 
motion, d is called the phase constant (phase angle). The amplitude and the 
phase of the ir>otion determine the initial velocity and position of the particle 
(or vice versa if you like). For exaiigjle, if ^ = 7r/2 at t = 0, then x = A cos(V2) 
- 0 and the particle starts at x = 0. The unit of the phase will be radians. 

Period: the time required to con?)lete one cycle. 



8(2). A particle of rass m is restricted to move on a vertical frictionless 
track. It is attached to one end of the massless spring with spring 
constant k and unextended length j^q = 0 m (small compared to other lengths 
in the prd)lem). The other end of the spring is hooked to a peg at the 
distance d from the track (see Fig. 13). (Use g - 9.8 m/s2.) 

(a) Show that the particle carries out simple harmonic mtion when displaced 
from its equilibrium position. 

(b) Find the period of oscillation of the particle. 




a Coordinate System 



*The key to Problems 8 and F is to find the net force -acting on the particle, 
find the particle's equilibrium position, and then express the force as a 
function of the displacement from equilibrium. If and only if the force can 
be written as F(x} * -kx^ then the motion is simple harmonic. The three-step 
procedure is described in General Comment 2. 
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Solution 

(a) I* In Figure J^4, 1 Is the force of the spring, is the constraining 
force of the track, W is the gravitational force, y is the vertical position 
of the particle, 

S - -c^, t = -Mi, t = -(spring constant) x (extended length) = -k(-d1 + yS). 

The total force is then F(y) ^ t + $ + 1 = (kd - H)i + (ky - nig)j. 

IL Khere is the net force = 0? Set ^ = 0 and solve for y. 

t = 0 = (kd - «)? + (Ky - n!g)j. 

Thus the net force Is zero when N = dk and y = -n^k. Introduce a new coordinate 
system at the equilibrium position: ^ 

X' = X, y y + ing/k. 

III. In this new system, the total force is 

^ ^ ^- i>! I Free-Body 

t(y') - -ky'^ Diagram 

This is the same fom of the force that gives rise to simple harmonic motion,. 
F(x) - -kx, thus the motion of the mass on the vertical track is simple hannonic, 

(b) Newton's second law is f - nia, so 

-ky'J = m(d^y7dt^)J, -ky' = m(d^y7dt^), = k/m, T = Zir/<^ = Zit^WK- 

C(3). One day you visit a friend who has a chair suspended on springs. When 
you sit down on the chair, it oscillates vertically at 0*50 Hz* After 
the oscillations have died down, you stand up slowly, and the chair rises 
0-50, m* Next, your friend sits in the chair, and you find that the 
oscillations have a period of 2*10 s. Assume that your mass is 60 kg: 

(a) What is the spring constant for the two springs together? 

(b) What is the mass of the chair? 

(c) What is the mass of your frjend? 

(d) While you are sitting in the chair, at a certain instant (t - 0) the 
chair is 0*300 m above its equilibrium position, and momentarily at rest* 
Find the expression for y(t), its displacement from equilibrium as a 
function of time* 

(e) Under these conditions, what is the maximum kinetic energy of you and 
the chair? What is your maximum speed? 

Solution 

(a) F = -kx, -mg = -kx, k = mg/x ^ 60(g,8)/0*50 = 1180 = 1200 H/m* 



(b) = k/m, m = m^j^g-^ + m^^^ = W = k/(2irf)' 
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^^^'"^ [(2»)(0.50)f(l/s2) 

= (120 - 60) kg = 60 kg. 
i2 



f 2" - 60 kg 



(^=5 Vi-end = »=/(2^J - n.,ha1r = ^2 kg. 

(d) A = 0.300 m = 2af = 2it(0.50) = n rad/s. y = A cos(ci)t + e). 
At t = 0, y = A, A - A cos(0 + 6). Therefore cos 6 = 1, 6 = 0. 

y(t) = 0.300 cosM ni. 

(e) Maximum kinetic energy = cjaxlimim potential energy 

= (l/2)kx2 = (1/2)(1200)(0. 300)2 = 54 J. 
Maximum speed = (dy/dt)„,„ = (-Aw sin «t)„^„ = Aw = 0.94 la/s. 




Figure 15 




Figure 16 



0(4). "A challenging problem." A particle with mass M slides freely in a 
hemispherical bowl of radius R, as shown in Figure 16. 
la) Find the potential energy U(x), making the approximations 

1 - cos e = 1 ^ Cl - (1/2)9^ ^ --J = (1/2)6^ and 6 ^ x/R. 

(b) Suppose the particle starts from rest with a displacement Xq; what 
Is its kinetic energy K(x)? 

(c) What is its velocity as a function of x? 

(d) What is its acceleration aj^ as a function of x? (Hint; Differentiate!) 

(e) Does this particle undergo simple harmonic motion? If not, explain 
why not; if so, find the angular frequency (a for this motion. 

Solution 

(a) As the particle slides up the slope to an angle 6 it has increased in 
height a distance R - R cos 6 * R(l - cos e). If 6 Is small then 
(1 * cos 6) » (l/2)e2 and 6 « x/R, so that 

R(l - cos e) ^ RC(l/2)e23 - RC(l/2)(xW)3 = (l/2)(x2/R). 
Potential energy - mgh - (mg/2R)x . 
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(b) Kinetic ener^ = loss In potential ener^ 

= (ing/2R)(x2) - (i3g/2R)(x2) - (njg/2R)()^ - x^). 

(c) Total kinetic energy Is (l/2)inv . Gain in kinetic energy = loss in potential 
energy: 

0/2)m^ = (njg/2R)()^ - x^). v^^ = i£(g/ft)(x^ - x^)]^/^ 

Is this reasonable? First check the units. The resulting units should be ^e 
saes on both the left- and right-hand sides of the equation: 

Thus the units are correct. tJcw what would happen if x - Xq? (xq - x) ^ 0 and 
V = 0. As we expect, the velocity is zero at the starting point. Kow let's 

2 2 2 

take X approaching zero. As x 0, (xj - x ) x^, a maxifmnn value. Thus the 
velocity beccKnes maximum at x = 0, which is where we have the maximum kinetic 
energy • 

(d) Before differentiating by brute force, remenier that d(y ) = 2y dy, therefore 
differentiate 

Thus 2Vjj dv^ = (g/R)(-2dx dx). 
Divide by dt: Vjj(dv^/dt) = -(g/R)(dx/dt) . 
How since dx/dt = v^^, dv^^dt = a^^, 
divide each side by v^ to get 
= (-g/R)x. 

2 2 

(e) From Newton's second law F = ma = m[dx /dt ], thus 
m(d^x/dt^) = -(g/R)x or d^x/dt^ (g/ftn)2 = 0. 

This is a form of the equation for simple harmonic motion: 

d^x/dt^ + (k/m)x = 0 or F = -kx. 

So yes, simple harmonic motion does occur. The angular frequency ta - /k/m = /g/mR. 
Part (e] could also be answered by finding the restoring force. 
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Problems 

E(l). The displacenent of an object undergoing single harmonic motion is given 
by the equation 

x(t) = 3.00 sin(8irt + a/4). 

m rad[ s rad 
s 

Note that the mks units of each tenn are shown underneath* 

(a) What Is the anplitude of motion? 

(b) What is the frequency of the laotion? 

(c) Sketch the position of the particle as a function of time» starting 
at t = 0, 

F(Z), In the boo k Tik-Tok of Oz^ Queen Anne, Hank the nujle, the Rose Princess, 
Betsy, Tik-ToJc, Polychrome, the Shaggy Kan, and the entire Arniy of Oogaboo 
all fall through the straight Hollow Tube to the opposite side of the 
earth* The retarding force of the air is evidently negligible during 
this trip, since they all pop out neatly at the other end* For an object 
at a distance r front the center of such a spherical mass distribution the 
gravitational force has the magnitude (you will not have to derive 
something like this): 

Fg(r) = (r/Rg)^GHg(in/r^) - nigr/R^, 

g 

and is directed toward the center of the earth. Use !U " 6*4 x 10 m for 
the radius of the earth: 

(a) Oo they undergo single hannonic motion? How do you know? 

(b) How long does their trip last? 

6{3)* An automobile with very bad shock absorbers behaves as though it were 

simply mounted on a spring, as far as vertical oscillations are concerned* 
When empty, the car's mass is 1000 kg, and the frequency of oscillation 
Is 2.00 Hz* 

a) What is the spring constant? 

b) How much energy does It take to set this car into 'oscillation with 
ah amplitude of 5*0 an (assuming all dantping can be neglected)? 

(c) What is the maximum speed of the vertical motion In (b)? 

(d) Suppose that four passengers with an average weight of 60 kg now enter 
the car* What is the new frequency of oscillation? 

H(4)* The rotor of the electric generator in Figure 17 is to be driven by a 

long shaft* Since any rotational oscillations about axis AA^ of the rotor 
would cause fluctuations in the electrical output, an engineer decides 
to investigate this possibility, starting with the case of completely 
undamped motion (i^e., no friction)v 

(a) It takes a torque t Kd to twist the shaft an angle e. When one end 
is clamped as in the figure, will the rotor undergo sintple harnunic motion? 
How do you know? 
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(b) With tfje parameters Indicated in the figure, what will she find 
for the frequency? 

(c) What are the maxinnint potential and kinetic energies of the oscillation 
If the aniplitude is 0.00100 rad? Uhat is the total inechanical energy? 

(d) What change in the stiffness of the shaft (k) would be necessary to 
double the frequency of oscillation? 

1= 100 kg 
Rotor 

L>ong Shaft 

K = Z.O lO^N m/rad, 
A — I 



This end clamped 




Ball Bearings 
(no friction) 



Figure 17 



Solutions 

E(l). (a) 3.00 m. (c) ^3 n 

(b) u = 8ir rad/s, 
if X = 3.00 sin(8irt + e) ra. 

f = u/2^ = 4.0 Hz. ^^'^ure 18 

F(2). (a) Yesi the gravitational force they experience has a magnitude 
proportional to the distance fron the jcenter of the earth,, and, is directed 
toward the center. 2 2 

(b) If you take the x axis to lie along the tube, then m(d''x/dt'') = F^^ = -mgx/Rg, 

or d^x/dt^ = -ig/R^)x. But fran (a) above we know that their motion is given 

2 2 2 

by an expression of the form x = A cos(ut + 9), for which d x/dt = -w x. 
Therefore, u = ^^9l^', and the duration of their trip is (1/2)T = WR^/g - 800;r s 
= 0.70 h. ■ ' 

G(3). (a) k = ^ m(2itf)^ = 1.60 x 10^ N/m. Does this seem reasonable? 

(b) Total energy = maximum potential energy = 2.00 x 10^ J. 

(c) frm conservation of energy, 

V = i/^Jt^ = 0.63 m/s. 

(d) f • (l/2ii)*^= 1.80 Hz. (Which mass should you use?) 
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H(4)* (a) Yes, t is proportional to e. 

2 2 

(b) la T » -Ke» or d e/dt = -(k/Da. But 6 = 6^ cosUt from part (a)» 

so that d /dt « -iD^'e, Therefore, u * *QT, and f = 6^/27 - 2.25 Hz. 

(c) 0.0100 J each. 

(d) Since k varies as the square of if u is doubled, k becomes four times as 
stiff. 



PRACTICE TEST 

1. Seesaws at parks often go unused because two small children seldom decide 
to play on them simultaneously. As Technical Consultant to the Park Board, 
your first assignment is to provide specifications for a One-Tot-Teeter. 
The design is partly determined by the existing equipment. (See Figure 19.) 
A child of mass m is to receive a ride with a period of T seconds. Without 
child or counterweight, the teeter-totter has a rotational inertia hi the 
child and counterweight, of course, have I2* Note: the spring is attached 
to the teeter. Start with Hewton's second law for rotational motion to fiod 
the answer, 

(aj Does simple harmonic motion occur? Why? 
(b) What spring constant is needed? 



■T y y r ^ / / r - / J J J I ^" y) ^ ^ ^ ^ ^ ^ ^ ^^^'^ 



Figui^ ]9 ''isune 20 

2. A child is bouncing a 50rg rubber ball on the end of a rubber string, 
in such a w^ as to give the ball and string a total energy of 0.050 J 
(counting the potential energy as zero at the equilibrium position). If 
the ball were just hanging at rest^ it would stretch the string 20.0 cm. 
For the motion of the bouncing ball» find 

(a) the angular frequency 

(b) the aP9>litude, 

(c) the maximum kinetic energy, 

fd) the maximum speed of the ball» and 

(e) the expression for its acceleration as a function of time, if the 
position ' +0.200 m at t - 0 s. 
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Practice Test Answers 

1. (a) Total raoment of inertia equals I] ^2 ~ ^total ' ^' 

Total torque = t^j^^^^ + "^counterweight * "^spring* "^child ' ""^counterweight- 
Total torque = "c^pp^^g = (force) x (distance) = -kyd, 
y - (sin 6)d = ed approximately. 

2 

Thus T = -ked , which is a restoring torque proportional to displacement. 
Therefore motion will , be simple hannonic. 

(b) T = la = Ud^e/dt^) - k d^e, d^e/dt^ = (kd^/I)6 = o^e, 
»^ = kd^/I, »^ = (25rf)2 = (2VT)^, 

thus 

kd^/I = {2z/rf, k = I(25r/dT)^. 

2. (a) F = -kx, -mg = -kx, k = mg/x, 

u = »^ = /fflg/xm - = /9. 8/0. 200 = 7.0 rad/s. 
(b) A = ? k = mg/x = (0.50 kg)(9.8 m) = 2.45 N/m. 

U = (l/2)kx^. li„;,v ' 0/2)kA^. A = /2U^^/k = »^(0.050J/2.45 

= /().l)4dd = 0.200 m. 

(d) K^, - (l/2)«^,. v^^=.^^=/lo:057o:050 = 1.40 ^s. 

(e) a = Au^ cos(wt + e) = (0.200)(7^) cOs(7t + e) = 9.8 cos(7t + e) m/s^.. 
At t = 0, X = A cos 6 = 0.200 cos 6 = 0.200. Thus cos e = 1, 6 = 0 rad. 
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K A block sliding on a frictlonless surface Is held In place by two springs 
attached to opposite sides and stretched to clamps at the edge of the 
surface as In Figure K The springs have an unextended length = Jl and a 
force constant 

(a) Show that the block will carry out siniple hannonic motion on the 
surface If It Is pushed closer to one of the clamps and then released* 

(b) Find the angular frequency w for this motion. 

2. You have been retained as a consultant to a traveling circus to advise on 
problems of a trapeze act. See Figure 2. The artists each have a mass of 
80 kg and will use a trapeze hung from ropes 30,0 m long to travel between 
platforms 15.0 m apart. The approximation, sin 6 ^ 6 is valid here. 

(a) The musical director wants to know how long it will take them to swing 
back and forth with one of the two persons on the trapeze. 

(b) What is the magnitude of the maximum velocity? 

(c) The property manager wants to know what the maximum tension on the 
ropes will be with tjra people swinging. 

(d) Write an expression for the displacement as a function of time, assuming 
the artists start at the right-hand side at t *^ 0, 

Furthennore, the circus owner insists that you start firom Hewton^s second law 
to find the answer to (a). We await your answers. Q\ 




SIKPIE HARMONIC MOTIOU 
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pass recycle 
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Tutor 



U A car with good shocks In front and very bad shocks In the back can be 

modeled by a pivoted plank on a spring as In Figure K The spring constant 
Is k» the length Is and the moment of Inertia I about the pivot Is 

(a) Show that the plank will carry out simple harmonic rnotion If It Is 
pushed up at a small angle e and then released* 

(b) Find the angular frequency for this motion, 

2. You have just been hired by Tinseltown Movie Studios to design a 'jungle 
elevator" for Tarzan, We want go-kg Tarzan to grab the end of a hanging 
elastic vine* step off his tree branch* and be brought to rest at the 
ground 15,0 m below, 

(a) Where should the equilibrium point be for the system of Tarzan-plus- 
vlne? 

(b) What must be the force constant of the vine? 

(c) How long does the trip take? 

(d) What is the maximum pull on Tarzan's hands? 

(e) What is Tarzan's maximum velocity. 

(f) Write Tarzan's velocity as a function of time if he starts from the 
limb at t - 0, 




Figure 1 



Figure 2 
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1. A long thin rod of length £ and mass m Is pivoted about a point on the 
rod that is a distance h above the center of the rod. The moment of 
Inertia about the pivot point 1s^m(i^/12 + h^). See Figure 1. 

(a) Shew that the rod will carry out simple harmonic motion If it Is 
pushed to one side and then released. 

(b) Find the angular frequency for this motion. 

2. A bo^y of mass 100 g hangs on a long spiral spring. When pulled down 
10.0 cm below Its equilibrium position and released. It vibrates with a 
period of 2.00 s. 

(a) What Is Its velocity as It first passes through the equilibrium 
position? 

(b) Write the position of the bO(|y as a function of time assuming that 
X ' -10.0 cm at t = 0. . 

(c) What is Its acceleration when It is 5.0 cm above the equilibrium position? 

(d) When it is moving upward, how long a time is required for it to move from 

a point 10.0 cm below Its equllibrluni position to its equilibnum position. 

(e) How much will the spring shorten if the bo^y is removed? 



Figure l 
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MASTERY TEST GRADING KEY - Fonn A 



1. What To look For : If student shows that F « x, that's enough for part (a). 

Solution : (a) See Figure 21. let origin be at midpoint. Since at that 
point the springs are not extended, the horizontal forces are equal and 
opposite; Thus, that is the equilibrium. position as well. If It Is dis- 
placed a distance x from equilibrium then 

= -kxi, ^2 " ^total " m{d^x/dt^)i. 

2 2 

Thus m(d x/dt ) = -2!cx: same form for simple harmonic motion. Thus 
simple harmonic motion does occur. 

(b) - 0, to - 

2. What To Look For : (a) See if student uses Newton's second law to get 
equation of motion, (c) Could also use 

9 2 

F = -mg sin 6 -mg 6 -mg(x/L) = (d x/dt ), 
so that d^x/dt^ + (g/L)x = 0. 

(d) Why is it not 7.5 cos(0.57t + 6), WheKfi 6 is- some angle other than zero? 

Solution : (a) t = -mgl sin 6. For snialV §, sirt 6 « 6, 

2 2 2 
T = mgie = I(d 6/dt ), I = ml for a particle around an axis. 

-mgie = mL^(d^6/dt), d^6/dt^ + (g/L)e = 0. to = /g/l. 

T = 1/f = 2ir/to = 2ir>C7£r= 2ir/30.0/9.8 = 11 s, the time for one cycle, 
back and forth. T Is independent of mass, thus time is sane for one or 
two persons. 



(b) From conservation of energy: 




Fj I >: 



Vf- mgj 
Figure 21 
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where h Is the distance from ledge to bottom of swing: h = L(1 - cos 6} 
= L{1 - cos[sin'V7.5/30)3}. v„„ = i/2^ = 4.32 ni/s. 

(c) See Figure 22. For circular motion: Met force - centripetal force, 

2 9 
T - mg = mv /L, T = mg + m /L. 

T„,^, occurs at v„,„ which occurs at the bottom of the swing. From Part (b) 
max max * 

= 2gL(l - cos e). 

Tension = 2mgh/L + mg = 2{ng{l - cos[s1n"^ (7.5/30)]} + mg = 1.66 x 10^ N. 

(d) X = 7.5cos(0.57t). 
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HftSTCRY TEST GRADING KEY - Fora 8 



1. What To Look For: ia) If they show that t «= 6, that is enou^ for 
part (a). Hote : vVi' ~ sin 6 = 6. 



Solution: (a) See Figure 23. 



Figure 23 



' mg 



spring 



Considering rotational inotlon on1y» the plank Is In equilibrium when 

torque^g = '*^^"^spr1ng* -^^/^ = KyJt> y = -mg/Zk = equlllbrluni position. 

If It Is displaced a distance from equilibrium then the net restoring 
torque Is given by 



^restoring " ^^^^ " Kd^e/dt^) (mS^/SHdhmh^ 
Thus 

d e/dt +— ;^ - 0, ^ ^ e, ir^ ' 

Thus It Is simple harmonic motion; w = /SkTm. 

2. What To Look For: (c) How long would It take to go from the tree limb to 
7.5 m above ground? (d) If Tarzan were oscillating up and down » Is there a 
point where the pull would be zero? If so, where? (f) Check for minus 
sign If they used the sine function. 

Solution : (a) Since the points of zero kinetic energy are the tree limb and 
ground, the point of maximum kinetic ener^;/ or equilibrium Is hal^Way or 7.5 m. 

(b) If Tarzan were to oscillate slcwly and finally come out to rest, he would 
be at equilibrium and 



vine 
Thus 



^ " m^^^ = 90(9.8)77.5 = 118 N/m. 
eq 

(c) Trip would taka one-half cycle or (1/2)T. 
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T = 1/f = 2ir/o = ln^, 

(1/2)T = = '/^— = ''^^ = ^/7.5/9.8 = 2.75 s. 

(d) Haximum pull = naximum restoring force of vine 

= fyine (™x) = "'"nax = ''^/^eq'=Snax = «'(9-8)(15/7.5) = 1760 H. 

2 2 

(e) (l/2)kx = (l/2)n»v from conservation of energy. 
W " *^ W " ^118/90 7.5 = 8.58 tn/s. 

(f) V = Vjjjgj^ cos(ut+ e). 

At t = 0, V = 0, thus e = 17/2. 

v(t) = 8.58 cos(1.14t + 7r/2) = -8.58 sin(1.14t) m/s. 



ERIC 
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HASTERy TEST fiRADIKS KEY - Foroi C 

1. Hhat To Look For: (a) For how large an angle does sin e = e hold? 

Solution : This is the same thing as a physical pendulum. See Figure 24. 




'^igure 25 



restoring torque = -mgh sin 9, torque = la = I(d e/dt ), 
-mgh sin 8 = I (d^8/dt^)- 

sin 8 - 8 for small 8, -mgh8 = I(d^8/dt^), d^8/dt^ + mgh8/I = 0. 

This is the sane as for simple harmonic motion- Thus simple harmonic 
motion occurs. 

(b)« = /^= - / g g*^ , 

^ /m(AVl2+h^) /(4Vl2 + h2) . 



2. What To Look For : (b) It is more confusing if we say A = +10.0 cm, 8 = ^, 
although it can be done. 

(c) Alternate solution for (c): 

F = -kx, -kx = -ma, a = (-k/m)x, a = -w^x = -0.49 m/s^. 

(d) How long would it take to go from x = -10.0 cm to x = 10.0 cm? 
Solution: (a) From conservation of energy: 

(l/2)mv^j^ = (l/2)kx^jj. J- ^ k/m or k = nb>^. (l/2)mv^ = (l/2)ntoV. 

o 57 
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= "'4x* W - = = 2,(1/2)(0.100) . 0.310 n^s. 

(b) X = A cos(cot + e), ta = 2ir/T = ^. 
At t = 0, X = -10.0 era, thus 8 = 0, A - -10.0. 
X - -10.0 cos(ti)t). 

(c) at X = +5.0 era, t = t^, 

5.0 aa = -10.0 cos(uti) cm or 0.50 = cosUt-i) at x = +5.0. 

Acc. (at X - +5.0 cm) = 4^ = cos(oti)| = /i-/(0.50) 

'(x = +5.0) ' '(x = +5.0) 

= 0„100[2^(l/2)3^0.50 m/.s^ = 0.49 m/s^. 

(d) As In part (b), A = -10.0 and 8 = 0. Let time = tg: 
X = A cosCcotg), 0 = -10.0 cos(cot2), cos(ot2) = 0, 

tatg = 7r/2, tg = 0.50 s. 

(e) See Figure 25. 

k = Bt)^ = ni[27r(l/T)32, = -kxT, = -lagt, 

-kx - -mg, m[2Tr(l/T)3^x = -mg, x = gT^/(2sr)2 = -(9.8)(2)^/.(2ir)2 = -1.00 m. 
Thus, spring will shorten by one meter. 
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PARTIAL DERIVATIVES 

Can you evaluate partial derivatives of functions of more than one varl^le? 
Try the following self-check test. If you get all the answers correct you should 
be able to handle the material In this course Involving partial derivatives. If 
not, read the material that follows the test. 

SEIF-CHECK TEST 

1. Suppose y Is a function of the independent variables x and t: 

2 2 
y(x, t) = X + t + axt , 

where a Is a constant. Determine the expression for 

(a) 3y/3x; 

(b) 3y/3t; 

(c) i?yn^. 

(d) If a = 3, evaluate y at (x, t) = (2, 5). 

(e) If a = 3, evaluate 3y/3t at {x, t) = (4, 2). 

2. Try another function y of the independent variables x and t: 

y = A sInCut - kx). 
If the constants are A = 3, to = 2, k = jt, evaluate: 

(a) y at (x, t) = (3/2, 3jr/2); 

(b) 3y/3t at (x, t) = (-5/2, 3jr/4); 

(c) 3V3t^ at (x, t) = (1/2, -T7/8). 

Answers are at the bottom of this page. If you did not get them right, continue 
reading in this review module. 

At the end of this review we shall provide a more rigorous definition of a 
partial derivative, but go ahead and read straight through to get a feeling for 
what you need to do from an operational standpoint. 

•29- (3) is (q) ie- (e) 'Z 
•6fr (9) iesi (P) 'xeg (D) iaxeg + t (q) + (e) 'i 

SUBMSUtf :jS3i iiD3MD-:H3S 
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If we have a function of more than one independent variable, than we can define 
a partial derivative w'th respect to one cf the variables, which is siinply the 
derivative of the function with all the other variables fixed. The notation using 
3, which we will use below, tells you it is a partial derivative. For example, 
suppose we have the function y that depends on the independent variables x and t: 

y = A sin(kx - ttjt) , 

where A, k, and are constants* Then, "the partial deri^cative of y with respect 

to x" is denoted by 3y/3x and is found by setting t constant and differentiating 
with respect to x; 

3y/3x - kA cos(}cx - t:t)- 

Similarly, "the partial derivative of y with respect to t'* is denoted by 3y/3t 
and is found by setting x constant and differentiating with respect to t; 

3y/3t « -uA cos(kx * tot). 

^lote that the value of either of the partial derivatives depends on both Independent 
variables x and t as well as the constants A, k, and 

Here are sonie Exercises to practice on (answers at bott<Hn of page): 
Exercises 

2 3 4 

K If y(x, t) = X + 4x t 5t , determine the expression for the following partial 
derivatives and their values at (x, t] - (4, 3): 

(a) 3y/3x; 

(b) 3y/3t; 

2 2 

(c) 3 y/3t ^ (3/3t)(3y/3t) (i.e. , perform the partial derivative with respect 
to t two times in succession), 

2- If y(x, t) * A cos[k(x - ct) - <)3, determine the expression for the following 
partial derivatives. 

(a) 3y/3x; 

(b) 3y/3t; 

(c) 3 y/3x 3t = (3/3x)(3y/3t) (i.e., perform the partial derivative with 
respect to t followed by the partial derivative with respect to x). 



- (p - XjJjjSOD )p^^ (D) 

- (^D - xjJjjuis vDJj (q) -[^ - (p - x)ij3uis VJJ- (e) 'Z 
•Oi?S -^m (3) 'm -^^OZ + ^xt? (q) 

-m = (e >i 9t X zi) + (i? X 3) 01 

(C ~ (1 *x) le uoj.ss3jdx3 Sim 3ienieA3 3^ *3tqeusA aqi se x min uoiieAuap 
aqi 6uj.uuo^j3d pue lue^suos i 6uip3S ^o itnsau aqi si sitji "i xzi + X3'(e] *[ 
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As proGiised, here is a more fomal definition of a partial derivative of a function 
of more than one independent variable: 

Suppose that we have a function y that depends on the independent variables x-j, 

Xg, etc. We can write it as y(x^, Xg^ x^, The "partial derivative 

of y with respect to x^" is then denoted by 3y/3x^ and is defined by the expression 

3y _ . y(xi * ^2* ••-) - yf'^T -•-) 

Similarly, 



As you can see, this Is the same sort of limit used to define the derivative of 
a function of only one variable, the difference being that the function and Its 
partial derivatives are functions of more than one variable. You should consult 
a calculus textbook fot more details. 
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TRAVaiRG HAVES 



umomcnon 

"For many people - perhaps for most - the word 'wave' conjures up a picture of 
an ocean, with the rollers sweeping onto the beach from the open sea. If you 
have stood and watched this phenomenon, you may have felt that for all its 
grandeur it contains an elenient of anticlimax. You see the crests racing in, 
you get a sense of the massive assault by the water on the land - and indeed the 
waves can do great damage, which means that they are carriers of energy - but 
yet when it is all over, when the wave has reared and broken, the water is 
scarcely any further up the beach than it was before. That onward rush was not 
to any significant extent a bodily motion of the water. The long waves of the 
open sea (known as the sviell) travel fast and far. Waves reaching the California 
coast have been traced to origins in South Pacific storms more than 7000 miles 
away, and have traversed this distance at a speed of 40 mph or more. Clearly 
the sea itself has not traveled in this spectacular way; it has simply played 
the role of the agent by which a certain effect is transmitted. And here we 
see the essential feature of what is called wave motion. A condition of some 
kind is transnitted fron one place to another by means of a medium, but the 
medium itself is not transported. A local effect can be linked to a distant 
cause, and there is a time lag between cause and effect that depends on the 
properties of the medium and finds its expression in the velocity of the wave. 
All material media - solids, liquids, and gases - can carry energy and informa- 
tion by means of waves.... 

"Although waves on water are the most familiar type of wave, they are also among 
the most complicated to analyze in terms of underlying physical processes. Vfe 
shall, therefore, not have very much to say about them. Instead, we shall turn 
to our old standby - the stretched string - about which we have learned a good 
deal that can now be applied to the present discussion."* 



PREREQUISITES 



Before you begin this module, 
you should be able to: 



Location of 
Prerequisite Content 



*Provide a mathematical and pictorial description 
of a particle undergoing sinusoidal motion (needed 
for Objectives 1 through 4 of this module} 

*Find the partial derivative of a simple function 
of two variables (needed for Objectives 1 through 
4 of this module) 



Simple Harmonic 
Motion Module 



Partial Derivatives 
Review 



*A. P. French, Vibrations and Waves (Norton, New Vork, 1971), pp. 201-, 202. 
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lEARHINfi OBJECTIVES 

After you have mastered the content of this module* you will be able to: 

K Description of wave - Describe and Interpret descriptions of traveling 
transverse waves on a string* using both pictorial and r-atheniatlcal form- 
lations, 

2* Wave velocity - Relate the wave speed to the physical properties of string. 

3, Superposition - Apply the superposition principle to (a) reflections at a 
boundary* (b) waves moving in the same direction* and (c) waves moving in 
opposite directions (standing waves* resonance). 

4. Power - Discuss the dependence of transmission of power in a wave in a 
string on the physical variables* 



ERLC 
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TEXT: Frederick J- Bueclie, Introduction to Physics for Scientists and Engineers 
(McGraw-Hill, tlevi York, 1975), second edition 



SUGGESTED STUDY PROCEDURE 

This module is limited to transverse waves on a string. Your text's trealsnent of 
waves on a string is combined with other wave phenoniena, thus to satisfy the 
stated objectives In this module you will have to skip around a bit, reading some 
material that does not apply specifically to waves on a string. That should not 
hurt, and you may pick up some related ideas that are Interesting. 

Read the following material in Bueche: Appendix 9, Section 29.4 to 29.6, 31.1 to 
31.3, and 34.1 to 34.3. Work at least Problems A through K before attenq)t1ng the 
Practice Test. 



BUECHE 



Objective 
number 


Readings 


Problems with 
Solutions 


Assigned 
Probl ems 


Additional Problems 






Stucly 
Guide 


Text 


Study 
Guide 




1 


Appendix 9, 
Sec. 29.4 


A 




F, G 


Chap. 29, Probs. 1, 3 


2 


Sec. 29.5 


B 


Illus.^ 
29.2 


H 




3 


Sees. 31.1 
to 31.3, 
34.1 to 34.3 


C, D 


Illus. 
34.1 


I. 0 


Chap. 31, Quest. 2, 
Probs. 7, 8; Chap. 34, 
Probs. 1, 3 


4 


Sec. 29.6 


E 


Illus. 
29.3 


K 


Chap. 29, Prob. 4 



^Illus. - Illustratlon(s). 



61 



STUDY GUIDE: Traveling Waves 3(HR 1) 



TEXT: David Halllday and Robert Resnick, Fundamentals of Physics (Wiley, New 
Vork, 1970; revised printing* 1974) 



SUGGESTED STUDY PROCEDURE 

Read Chapter 16 and work at least Problems A through K before attempting the 
Practice Test. 



HAUIDAY AND RESNICK 



Objective 
Number 


Readings 


Problems with 
Solutions 


Assigned 
Problems 


Additional Problems^ 




Study 
Guide 


Text 


Study 
Guide 


(Chap. 16) 


1 


Sees. 16-1 
to 16-3 


A 




F, G 


3, 5 


2 


Sec. 16-4 


B 


Ex.^ 1, 
2 


H 


11, 13, 15 


3 


Sees. 16-6 
to 16-8 


C, D 




I, 0 


25, 28, 32, 33, 39 


4 


Sec. 16-5 


E 




K 


22 



^Ex. = Exainple(s). 



Problem 28 should be worked with a vfave velocity of 20.0 m/s. Problem 33 
should be worked with a wave velocity of 15.0 m/s. 
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TEXT: Francis Weston Sears and Mark W, Zemansky, University Physics (Addison- 
Wesley, Reading, Mass., 1970), fourth edition 



SUGGESTED STUDY PROCEDURE 

Read Chapters 21 and 22. Since this module is limited to waves on a string, you 
can skip Sections 2U4, 21-5, 21-6, 22-6, 22-7, 22-8, and 22-9 and still achieve 
the objectives of this module. Work at least Problems A through K before 
attBnpting the Practice Test. 

For Objective 4, look at the situation pictured in Figure 21-5- Not only is 
the transverse force F providing a transverse impulse, but it is also doing work 
on the string. This work goes into increasing the kinetic energy of the string, 
since more and more of the string is moving. Vie also see that energy is being 
transmitted along the string since to the left of the point P the string has 
kinetic energy and to the right of that point it has none, and point P is moving 
along the string with the v;ave speed c. 

We can compute the instantaneous power furnished by F in the following waty. The 
instantaneous power is F * v. We see from Figure 21-5 that the negative of the 
slope of the string is given by F/S, so we have a value for F in terms of the 
slope of the string and of S. 

Poir/er = S X (negative of the slope of the string) ^ v. 

Suppose we have a force that is producing a sinusoidal wave of the form in Eq. 
(21-3), the force being applied at x =^ 0. Now, 

V » 3y/3t - wY cos(cot - kx). 



SEARS AND ZEHANSKY 



ERLC 



Objective 
Number 


Readings 


Problems with 
Solutions 


Assigned 
Problems 


Additional Problems 




Study 
Guide 


Text 


Study 
Guide 




1 


Sees. 21-1, 
21-2 


A 


Ex-^ 2 

(Sec. 

21-3) 


F, G 


21-3, 21-7 


2 


Sec. 21-3 


8 


Ex. 1 
(Sec. 
21-3) 


H 


21-1 


3 


Sees. 22-1, 
22-2, 22-3, 
22-5 


C, D 




I, «J 


22-3 


4 


This module 


E 




K 




^Ex. = ExaiJiple(s). 
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and the slope 

3y/3x = -kY cos(a}t • kx), 

so that the equation for the power gives, at x - 0, 

2 2 
Power - kwY S cos wt* 

2 

Using the facts that c = S/p, c = u/k, and the fact that the time-average value 

2 2 
of cos b)t = 1/2 (which you can see by noting that cos ut spends equal amounts 

of time at equal distances above and below 1/2), we find 

Power^y = (1/2)a}Vpc, 

This is the time-average power that is put into the wave and the power that the 
wave carries off to the right- Note that the power is proportional to the square 
of the angular frequency the square of the amplitude Y (reminiscent of the 
energy in a simple harmonic oscillator), and is directly proportional to the 
velocity of the wave and to the mass of the string* 
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TEXT: Richard T, Weidner and Robert L. Sells, Elementary Classical Physics 
(AUyn and Bacon, Boston, 1973), second edition. Vol . 1 



SUGGESTED STUDY PROCEDURE 

Read Chapter 16 through Section 16-18. Note the following points: (a) In Eq. 
{16-2a), note that F(x - ct) stands for "function of the quantity x - ct." Don't 
confuse this F with the that represents the tension in the string, (b) In 
Figure 16-4, and in most of the figures following, the displacement of the string 
away from its equilibrium line has been greatly exaggerated. The superposition 
principle for waves on a string will only hold for wavefoms with very small slopes. 
Work at least Problems A through K before attempting the Practice Test. 



MEIDNER AND SELLS 



Objective 
Number 


Readings 


Problans with 
Solutions 


Assigned 
Probl ems 


Additional Problems 






Study 
Guide 


Text 
(EX, a) 


Study 
Guide 




1 


Sees, 16-1 » 
16-4 


A 


16-2 


F, G 


16-3, 16-9, 16-10 


2 


Sec, 16-1 


B 


16-1, 
16-2 


H 


16-1, 16-8 


3 


Sees, 16-3» 
16-6, 16-7, 
16-8 


C, D 


16-3 


I, J 


16-22 


4 


Sec, 16-5 


E 




K 


16-11, 16-22, 16-14 



Ex. = Example(s), 
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PROBLEM SET WIIH SOUfTlONS 

A(l). A "snapshot" of a traveling sinusoidal wave at t = 0 traveling to the left 
is shown in Figure 1 along with some other infonnation. (Hote that the 
vertical scale is exaggerated.) At the position x = 0, the wave reaches 
a positive naxinmn 30 times each second. 

(a) Deterntine the frequency, wavelength, wave speed, angular frequency^ 
period, propagation constant (or wave nun^jer) and amplitude of this 
traveling wave. 

(b) Sketch the "snapshot" of the wave that you would obtain at t = T/IZO s. 

(c) Write the mathenatical expression that represents the transverse 
displacement as a function of x and t. 

(d) Deterntine an expression for the displacement of the point P that moves 
with «ie string at x = 2.50 m. and compute the velocity of P at t = 1/60 s. 



0.005 



Direction of 
wave propagat^n 



Figure 1 



-0.005 




Wave pictured 
at t = 0 



Solution 

(a) From the text of the problem, the frequency = 30.0 Hz. Thus angular 
frequency = Zirf = 188 s'^ and the period - 1/f - 1/30.0 s. From the figure 
we see that the wavelength \ = 4.0 m. Thus the wave speed = frequency x 
wavelength = 120 m/s. We also know that 



wave speed = (propagation constant)/(angular frequency) = u/k, - 2^I\ - 1*57 m 

From the figure we see that the amplitude of the wave is 0.0050 ffi. 
(b) We could work part (c) first and then plug in t = (1/120) s to see what we 
get, but let's try a graphical approach. Vfe know that since the wave is moving 
to the left at 120 in/ s, in 1/120 s it has moved 1.00 m to the left. We can 
immediately sketch the wave shifted 1.00 m to the left as in Figure 2. 



-1 



y(iii) 



0. 005 



Figure 2 




Wave pictured 
at t » 1/120 s 
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(c) Ue recall that a sinusoidal wave traveling in the negative x direction is 
written in the following form (or one equivalent to it): 

y - A sin(kx + wt + 

How do we recall this without resorting to rote meinory? Here's how: The 
amplitude factor A is the number (whose dimension is a length for this kind of 
wave) that multiplies a sinusoidal function (which oscillates between -3-1 and -1). 
What's left is the argument of the sine function - the phase. It has to be 
dimensionless (radians) and has to depend independently on x and t* Therefore 
we multiply x by k and t by To get a wave moving in the negative x direction 
we add: kx ^ iJt. This guarantees that the phase (corresponding to» say» the 
maximum of the sine curve) reniains constant as x decreases while t increases . 
(Here you should check to see that you can argue that tot - cat is what you want 
for a wave traveling in the -^x direction.) Finally* we need a phase constant 
d to fix up the sine curve to agree with the picture at t = 0- If we virite 
y = A sin(kx + cat + ^), how do we determine Hell, if ^ = 0 we don't get the 
right picture at t =^ 0» thus we have to give ^ a nonzero value. If we let ^ 
go negative, this has the effect of shifting the sine curve to the right at 
t - 0* Since we want to shift the sine curve a quarter wavelength to the left* 
we need to make ^ = -3-it/2. Now we have it: 

y = A sin(kx + wt + tt/Z), 

where A, k» and ta have already been determined in part (a). We could write it 
as y - A cos(kx + ut), since sin(e + ir/Z) = cos 8, 

(d) Before putting any numbers into this part, let's get symbolic expressions 
first. Use Xq for the x coordinate of P. Then the transverse displacement of 
P is given by the expression for the wave with Xg plugged in for x: 

y = A sin(kxg + tot + 7r/2), 

This is the expression for the displacement of P. Note that the only variable is 
the time and that P is executing ^%ple harmonic motion. The velocity of P is 
given by 

3yp/3t = wA cos(kXp + tiit -i- is/Z). 

Plugging in all the other numbers and t = (1/60) s v/e get -0.666 in/s. (Take 
care that you look up the cosine for an argument in radians*) Note that we can 
check the sign by looking at a sketch of the wave for which the wave has been 
shifted another quarter wavelength to the left beyond the situation in part (b): 
Figure 3. In this figure v;e see that P is moving in the negative y direction* 
in agreement with our calculation. 



Figure 3 




t ^ 1/60 s. 
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8(2), A string with linear density 15,0 g/m propagates waves at a speed of 

20-0 ni/s. The string is driven transversely by an oscillating arm with 
an angular frequency 20.0 s'^ and an amplitude 0,0300 m, 

(a) Determine the tension in the string* 

(b) Determine the inaxinmiii velocity of a point on the string 2-00 in from 



the driver- 
Solution 

(a) Me knew the wave speed frcra the derivation in the text; 

1/2 1/2 
ion in string ^ _ 

nass/unit length of string^ ^p' 



Before proceeding, we can check this fonmila to see it it is dimensional 1y 
correct (If it isn't, we have the wrong fonmilaO: 

[v3 = [f-/T3 

. ,F.l/2 _ r/HL U1/2-, _ L 
Ip) " "-y H' T - 

2 

The fonnula is dimensionally correct. Thus we find F = pv = 6.0 H. 

(b) Since the maxinuim velocity of any point on the string is the same as any 
other (although the maximuiD velocity occurs at different times at different 
points) the 2.00 m is not relevant. We can, for example, consider the point at 
which the driver is attached to the string. You should get i^y/^t) = 0-6D m/s. 



C(3). A pulse movesalong a string with wave speed v as shown in Figure 4- 

The right end of the string is fixed to a wall- The situation is shown 
at t = 0. Sketch the vertical displacement of the point P as a function 
of time. 
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Solution 

The boundaf^ condition at the wall is that the string has no transverse displace- 
ment (i*e.> it is fixed}* We can guarantee this boundary condition by ifnagining 
that the string does not stop at the wall but extends off to the right where a 
symnetrically located wave is propagating to the left* See Figure 5* TTiis new 
wave is shaped just like the other wave except that it is inverted and is 
reflected front to back. fJow» the principle of superposition stites that the 
displac^nt of the string is just the algebraic sm of the displaceoients in 
the two waves. The new wave has been set up so that» at the fonner position 
of the wall» the displacement of the string is always zero» and as far as the 
left half of the string is concerned^ it is just as if there were a wall at that 
position still. V%e nsotion of point P thus is first affected by the passage of 
the wave pulse going to the ri^ht and» later» by the reflected wave going to the 
left* 













V 




21 


~\7 


V 


V 





Figure 5 



D(3}, A string vibrates according to the equation 

y = (0*0040 m) sin[(25,0 uT^Ul cos[(400 s"^)t]. 

(a) What are the amplitude and velocity of the c<»nponent waves whose 
superposition gives rise to this vibration? 

b) Detemine the distance between nodes. 

c) Sketch the shape of the string at several different times to provide 
a "motion picture" of the motion of the string. 

Solution 

We hope that you recognized this to be the forni of a standing wave» produced 
by two traveling waves of equal amplitude and freouency traveling in opposite 
directions. You can consult your textbook for a mathematical plug for the answer 
to part (a}» but it is important that you also be able to reason out the answer 
pictorially. let us ansv/er part (c) first to get Figure 6. Before doing 
arithmetic^ write the formula you were given in algebraic quantities: 

y = A sin kx cos wt. 

By inspection of the formula and Figure 6 we see that both the standing and the 
traveling waves take a distance 2ii/k to go through one cycle along x, thus 
X - Zii/k. ^ It is also easy to see that the period of the standing wave is the 
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same as that of the traveling waves, thus f = i^Zjt. The wave speeds are thus 
V = Xf = t^/k, and for this example 

V - (400 s'b/(Z5.0 m'b = 16.0 irf/s. 

The ainplitude of both traveling waves is one-half of the maximuci aicplitude of 
the standing wave, as we see frcai the figure, therefore the 

amplitude of traveling waves ~ P^IZ ~ 0.0020 m. 
Again, as we can see from the figure, the distance between nodes equals 
^_12n^_:r_ TT _ -_. 

25.0 m 



Figure 6 




— Standing wave (sum 
of component waves) 

Component waves 
~ interfering constructively 



• positive velocity 
negative velocity 




73 



STUDY GUIDE: Traveling Uaves 



E(4). Give a physical argument (give an analogy to some other^ possibly simpler^ 
physical situation) to justify that the power ca^Tled In a sinusoidal 
traveling wave depends on the square of the frequency* Does your analogy 
also provide an explanation for why the energy transmission also depends 
on the other variables the way It does^ or do you have to dredge up soine- 
thlng else? (After answering this <juest1on» you should not have to claim 
that you have to "jnemorlze" the formula for power transmitted by a wave 
on 3 string*) 

Solution 

Suppose you start to wiggle^ with a transverse motion^ the end of a string that 
Is Initially at rest* What does the string look like at successive Instants? 
Consider a small segment of the string* It Is moving up and down with simple 
harmonic motion^ pulling the next segment up or down and thus doing work on It* 
Power Is v^rk over t1me» and thus we find that the pov/er for a sinusoidal wave 
Is similar to that for simple harmonic motion^ with the square of the frequency 
(which arose frc^n the derivative) taking the place of angular velocity. How 
does the kinetic energy of the piece of string depend on the amplitude and 
frequency? How does It depend on the mass per unit length of the string? 



Probl ems 

F(l)* A sinusoidal traveling wave has the form 
y = 0*0300[s1n(0-50x - 20*0t - 7r/4)3» 
m m m s s rad 

where the dimensions of each quantity are shown below the equation. 

(a) Determine the frequency^ wavelength^ wave speedy angular frequency^ 
period^ amplitude^ and direction of travel of this wave. 

(b) Sketch "snapshots" of this wave at t = 0 and at t - 0*0250 s. 



G(l)* A pulse travels along a string with a speed of 5*0 m/s. Its shape and 
direction of motion at t = 0 are shov/n In Figure 7* 
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Figure 7 



(a} Sketch the pulse at t 0.80 s. 

(b) The point P is fixed to the string at x = +1.00 m. Sketch the dis- 
placement and velocity of P versus tine. Label the axes of your sketch 
carefully, showing the scales on each of the axes. 

H(2). A rope under 80 N^tension carries a sinusoidal wave of wave constant (wave 
number) k = 4-0 m'^ at a v/ave speed of 25,0 m/s. Determine the frequency 
of the waves and the niass per unit length of the rope. 

1(3). Show that the superposition of tv/o sinusoidal v/aves of equal ainplitude, 
frequency, and wave speed that are traveling in the same direction sives 
a sinusoidal traveling v/ave regardless of the phase difference between them. 
Determine the amplitude of this traveling wave in terms of the amplitude of 
the two v/aves and the phase difference betv/een them. 

J(3). A string 2.00 m long is attached to the prong of an electrically driven 
tuning fork that vibrates perpendicularly to the length of the string at 
a frequency of 80 Hz. The mass of the string is 12.0 g. Determine the 
tension that must be applied to the string to make it resonate in three 
loops, 

-2 2 
K{4), Two long v/ires of linear densities 2.00 ^ 10 kg/m and 5.0 10" kg/m, 

respectively, are joined at one end. The two free ends are pulled apart 

vrith a tension of 10.0 N. At the point at which the two v.lres are joined, 

ah oscillating arm starts to shake the wires transversely with a sinusoidal 

oscillation of 25.0 Hz, 0.00300 in amplitude. Determine the energy 

supplied to the wires after 3.00 s. 
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Solutions 

F(l). (a) The equation is of the form of a wave nioving in the +x direction: 
y = A sin(icx - wt - 

from which we immediately note the substitutions 

-1 -1 -1 

k = 0,50 m , angular frequency 0 = Z(h s ~ 62.8 s , amplitude A = 0.0300 

from which we can derive the other quantities: 

wave speed = u/k = 126 ir/s, frequency = d/2^ = 10.0 Hz, 



wavelength - ^^^^ ^P^^'' = = ^ l^^. |l= 12.6 m, period = i = OJOO s. 
rrequency k « k » k j 



(b) We note that this is a wave of amplitude 0.0300 m and wavelength 12,6 m. It 
is shifted at t = 0 from sin kx by the phase shift For ^ ~ ^4, the wave slope 
is shifted (V4)/(2it)"^ wavelengths to'the right, and thus the snapshot looks 
like Figure 8* At t = 0*0250 s we have 

y = 0.030 sin(0.50x - ti/2 - Tr/4), 

which is a sine function shifted (3ii/4) {Z-a)" wavelengths to the right, as in 



Figure 9. 



yCtn) 



6(1). (a) See Figure 10. 
(b) See Figure 11. 



Pictured at t = 0 



0.030 




Figure 8 



x(m) 



Figure 10 



-0.030 



y(m) 



Pictured at t = 0,025 s 




-0.030 



x(m) 



Figure 9 
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H(2). The frequency is 15.9 Hz, the density 0.128 kg/m. 

1(3)- This problem gives a little practice in applied tritjonometry. Let us write 
expressions for the two waves: 



that have the same amplitude, frequency, wave speed, and direction of propagation. 
The wave ^^ leads yi by a distance ^/k, which you should verify for yourself. We 
wish to calculate y = y.i + yz but first we can reexpress yi and yz* using the 
identity (which you should know) 

sin(a + 6) = (sin o)(cos b) + (cos o)(sin b) 

to write 

sin(o + b) + sin(o - b) = 2 sin o cos B. 
We can put y^ + y2 i" this fonn by letting 

o + B»kx-cjt, o-B = kx-ut-$, 
which gives 

o » kx - ot - ^>/2, B - ^>/2, 

and 

y = 2A sin(kx - ut - */2) cos(4*/2). 

This is a traveling sinusoidal wave, regardless of the value of ^. The an^ilitude 
of the resultant wave is 2A cos(^/2). If ^ = 0, In, 4?!, etc., the waves are "in 
phase," and the amplitude is 2A - an example of constructive interference between 
the two waves. If $ = n, 3ir, 5n, etc., the amplitude is zero - destructive 
interference. 



y^ = A sin(kx - ot), 72 " ^ sin(kx - mt - *), 



J(3). 



68 N. 



y(m) 



K(4). 



0.39 J. 




(n/s) 





Figure 11 



-.10 * 
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PRACTICE TEST 

1. A standing wave on a string is shown at t = 0 in Figure 12. The frequency 
of its motion is 25.0 Hz, and the displacement of the string is a maximum, 
(a) Write down symfaolic expressions for ttie traveling waves vdiose super- 
position produces diis standing wave, and give the numerical values for the 
symbols in your expressions. 

(fa) Detennine ttie tension in the string if its mass per unit length is 2.00 g/m. 




2. The motion of a string is given fay 
y = A sin(tat - kx), 

where A = 0.00200 m, to = 65 s"^, and k = 2.00 m"^ 

(a) Determine the maximum speed of a point on the string at x * 4.0 m. 

(fa) In vdiat direction is power faeing transmitted along the wave? 

(c) If ttie amplitude and frequency are kept the same, faut the tension in the 

string is increased fay a factor of 2, how is the power transmitted fay the 

string affected? 



•Z ^q S9SB9vOUI. U9Mpd (O) 'UOL^^DaULp X- 9i|:^ uj (q) 
•s/w 0£fO = (S9)(00200*0) '^A 
'(X2 - lS9)so3 (S9)(00200*0) = IPMP = A '(m'Z - lS9)uts 00200*0 = ^ (e) *2 
•N rZl = (00*2)2(0£-£)2(0*S2) = rt^V^:^ = i "i^/Di^Vl) = ^i- 'rt/j/^/p = i- 

•W 0£*£ = V 'ZH O'SZ = i 00*2 = ^ (q) 

•s/w £8 = 

(0£*£)(0*S2) = = A PU5 0£-£ = V 00200*0 = V 9**9l|W 'U9t.01 6utt9AeUJ 9A5W 
(JA + XV)ULS V = 'll|6U OJ 6ULt9ABUJ 9A5W (C^A - XV)llLS )j = (5) *[ 

SU9MSUV lS9i 9Dl.JD5Ud 
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K A standing wave of 5 loops (or antinodes) is set up on a flexible wire. The 
wire is 1.20 m long, and its total mass is 10.0 g. The maximum amplitude of 
oscillation of the wire is 0,50 mm, and its frequency of oscillation is 400 Hz. 

(a) Sketch the shape of the wire at several instants, each separated by a 
quarter cycle from the previous instant. 

(b) Determine the tension in the wire. 

(d) Let one end of the wire be at x = 0 and the other end at x - 1.20 m. At 
t 0 the wire is straight, but its tranverse velocity at x = 0.050 m is in 
the +y direction. Write the mathematical expression for the displacement y 
of the wire as a function of the variables x and t. 

2. A sinusoidal traveling wave on a string moving to the right with a velocity 
30.0 m/s is shown in Figure 1. 

(a) Sketch the vertical velocity of the point P, which is at x = 2.00 m, as 
a function of time, labeling the axes of your sketch carefully. 

(b) If the wavelength of this wave is increased by a factor of 3, keeping the 
amplitude the, same (and presuming the tension and mass of the string are 
unchanged), determine the change in the rate of energy propagation on the 
string. 



Figure 1 



y(in) 



V *■ 30 m/s 



0.003^ 




x(m) 



*0-003 - 



1 2 3 4 5 6 7 
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1. A wave propagates along a string whose mass per unit length is 0.0040 m kg/m. 
The transverse displacement cf the wave is given by 

y = A sin(kx - ut - 

where A = 0.00300 m^ k = 6.0 m"\ u = 80 s'\ and ^ = 7r/2. 

(a) Determine the tension in the string. 

(b) Sketch a "snapshot" of the string at t ^ ir/320 s, showing the horizontal 
and vertical scales. 

(c) Determine (i) the direction and (ii) the magnitude of the wave velocity. 

(d) If the amplitude of the wave is halved, what effect does this have on the 
power transmitted, by the wave? (Give your answer in a complete sentence.) 

2. A pulse propagates with speed c down a long string that is fixed to a wall at 
one end. Figure 1 shows the string at t = 0* Sketch the shape of the string 
at t = 3V2c showing its location with respect to the wall. 



Figure 1 
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1, A wave propagating to the left is shown at t - 0 in Figure 1. The frequency 
of the wave is 60 Hz. 

(a) Sketch the wave at t = 1/30 s. 

(b) Sketch as a function of time the vertical position of the point on the 
string at x 0, Show the scale clearly on the axes of your sketch- 

(c) Determine the mass per unit length of the string if its tension is 50 

(d) If the appropriate traveling wave is superposed on the wave in the figure 
to produce a standing wave, determine the amplitude of the standing wave 

and determine the distance between nodes. 




2. A wave given by 
y^ = A sin(a)t - kx) 

transmits power P. Determine the power transmitted by a wave that Is the 
superposition of y^ with the wave 

yg = A cos(a)t - kx). 
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MASTERY TEST GRADING KEY - Form A 

1. What To Look For : (a) Clear picture, (b) Encourage algebraic manipulation 
before plugging in numbers, (c) Expression for standing wave. 

Solution : (a) See Figure 16, in which t = 1.20 m, f = 400 Hz, m = 0,0100 kg, 
and the amplitude Is 5.0 10~^ m. 

(b) Since t = 5(X/2), X = (Z/5)t. v = (F/p)^^^, 

F = pv2=f(fx)2=Hf2(4^U2 = £!!^= 307 N. 

(c) See Figure 17. 
y = A sin ut sin kx^ 

where A = 5-0 ^ }0 m from the problem, w = 27rf = 2.51 10 s 

k = 27r/A = 2it(2/5)Jl = 3-02 m'^. Note that this form provides that y = 0 

everywhere at t = 0 and ay/at > 0 in the first loop. 




2. Mhat To Look For : (a) Clear picture^ appropriate mathematical justification, 
(faj Clear statement. 

Solution : (a) See Figure 18. Have is written as y = A sin(kx - wt), where 
A = 0.00300 m, k =^ 27r/A « (2Tr/4) m'^ = {7r/2) m'^ 

u = 2itf = 27r(v/A) = 27r(30/4) = 157r 

(3y/3t)I^ ^ 2 ^ COS(-wt + tt) = oiA COS wt» 
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whece uA = 0-141 m/s. By inspection of the figure we see that at t = 0, 
P has its maxirwrn positive-y velocity. 

(b) Power transmission is proportional to (mA)^pv. Ke keep A, p, and v 
the same but change x: 

A = v/f = vZn/t), >^vz ? « }/X^ 

if A, and v remain constant. Therefore power, or rate of energy propagation 
on string, is reduced by a factor of 9 (is multiplied by 1/9) if x is increased 
by a factor of 3 (is imJltiplied by 3). 



Figure 18 
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MftSTERY TEST GRADING KEY - Form 8 

1. What To look For : Correct scales on x and y axes; unanfijiguous statenents. 

Solution: (a) y = A £in(kx - tot - where A = 0.00300 ffl, k = 6.0 m*\ 
p = 0.0040 kg/m, X = 1.050 m, to = 80 s"\ period = Z7T/to= 7r/40 Sy ^ - tt/Z, 
wave speed c = w/k = (F/p)^^^, and F = pa?/k^ = 0.71 N. 

(b) See Figure 19. At t = Tr/3Z0 s, we write the equation of the displacement 
of the string as 

y = A sin(kx - Tr/4 - tr/Z), a sine curve shifted 3;r/4k toward positive x. 

(c) (i) The direction is along +x. (ii) The magnitude of the wave velocity 
is c = to/k = 80/6.0 = 13.3 m/s. 

(d) P <^ A . If the amplitude of the v;ave is halved, the power transmitted by 
the wave is decreased by a factor of 4 (i.e., the power transmitted is multiplied 
by 1/4 if the amplitude is multiplied by 1/Z). 

Z, Solution : See Figure 20. The string travels a distance ct = c(5 /Zc) = (3/2) 
and is reflected zt its fixed end. 




Figure 19 Figure ZO 
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MASTERY TEST GRADIflG KEY - form C 

1. Solution : (a) See Figure 21. t = 1/30 s is two cycles later than t = 0. 
The figures look exactly the same. 

(b) See Figure 22. 

(c) c = (F/p)^^^, thus p = F/c^ = F/(Xf)^ = 50 fl/(2.00 ra)^(60 Hz)^ = 3.47 g/m. 

(d) To get a standing v/ave» we must superpose a traveling wave of the same 
amplitude, traveling in the opposite direction. Thus the an?>litude is 2,00 x 
0.0050 m = 0.0100 m, and the distance between nodes is X/2 = 1.00 m. 

2. Solution : y-j = A sin(b3t - kx), given <= A . 

yg = A cos(a)t - kx) = A sin(a)t - kx + ti/2). If we do the trigonometry correctly, 

using sin(a + 0) = sin a cos $ + cos a sin $» we get 

y^ + yg = 2A cos(7r/4) sin(ttft - kx + Tr/4),* where 2A cos(7r/4) is the new 

amplitude. The nev; power is thus 

P" « [2A cos(Tr/4)]2 = 4(l/^V and P" = 2P. 

(*This can be checked for reasonableness for the cases when y-j and yg are 
exactly in phase and out of phase.) 




Figure 21 




Figure 22 



ERIC 
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